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Chapter 8: Systems of Particles and Extended Objects

Concept Checks

8.1.b 8.2.a 83.d 84.b 85.a

Multiple-Choice Questions

8.1.d8.2.b 8.3.d 8.4.bandd 8.5.¢ 8.6.a 8.7.b 8.8.d 8.9.b 8.10.¢ 8.11.a 8.12.¢c 8.13.a 8.14.b 8.15.b

8.16.b

Conceptual Questions

8.17.

8.18.

8.19.

8.20.

8.21.

8.22.

It is reasonable to assume the explosion is entirely an internal force. This means the momentum, and
hence the velocity of the center of mass remains unchanged. Therefore, the motion of the center of mass
remains the same.

The length of the side of the cube is given as d. If the cubes have a uniform mass distribution, then the
center of mass of each cube is at its geometric center. Let m be the mass of a cube. The coordinates of the
center of mass of the structure are given by:

d d d 3d d d d 3d d d d 3d
m—+—+—+— m—+—+—+— m —+—+—+—
2 2 2 2 3d 2 2 2 2 3d 2 2 2 2 3d
= =—, = =— and Z = =—.

Xcm cm - -
4m 4 4m 4 4m 4
Therefore, the center of mass of the structure is located at R = (Xe» Yoo 2o ) = (%,%,%j

After the explosion, the motion of the center of mass should remain unchanged. Since both masses are
equal, they must be equidistant from the center of mass. If the first piece has x-coordinate x, and the

second piece has x-coordinate x,,then |Xcm —x1|:|XCm —x2|. For example, since the position of the

center of mass is still 100 m, one piece could be at 90 m and the other at 110 m: |100 —90| = |100 -1 10|.

Yes, the center of mass can be located outside the object. Take a donut for example. If the donut has a
uniform mass density, then the center of mass is located at its geometric center, which would be the center
of a circle. However, at the donut’s center, there is no mass, there is a hole. This means the center of mass
can lie outside the object.

It is possible if, for example, there are outside forces involved. The kinetic energy of an object is

proportional to the momentum squared (K o« p? ) So if p increases, K increases.

The intersection of the triangle’s altitudes implies the triangle has a uniform mass density, meaning the
center of mass is at the geometric center. To show this point by physical reasoning means using geometry
to show where it is.
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It can be seen that h sin60°=L/2 and h, cos60°=h,. Therefore,

L L L L3 I3 :&(1]:&.
3

=——=—— = h, =——c0s60°
3 2 6

h: =
'o2sin60° 2(\3/2) A3 3 ’

If the center of the bottom side of the triangle is (0, 0), then the center of mass is located at

(0, hz):(O, I3/ 6). To calculate by direct measurement, note that due to symmetry by the choice of

origin, the x coordinate of the center of mass is in the middle of the x axis. Therefore, X_ =0, which

C

means only Y_ mustbe determined.

F 3

(xmin(y)’ y) ('xmux 0})? }’)

}
} max

te— [ [ D ——

Clearly, the x value of a point along the side of the triangle is dependent on the value of y for that point,
meaning x is a function of y. When y is zero, x is L/2 and when x is zero, yis y _ =h +h, = L/3/2. The

. . . : Ax _ (L/2)-0 1
change in x should be linear with change in y, so x=my+b, where m=—= =

Ay _0—(L\E/2) V3

I3 L

Therefore, %z—i+b=0+b = b:£ and 0=——3+b:——+b = bz%.The equation for x is

3 2 23

then given by x( y) =—L+§. Since the mass density is uniform, the geometry of the triangle can be

3
3
4

. 1
considered. Y :X”ydA, where A=

and dA =dxdy.
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The integral then becomes:
) B
4 Ymax Xmax |V 4 2
Yo=77 |yl | dx=—7Fp
r \/g J’J‘ Xma:[(y) r \/5 '(‘)-

X o (y ) =x (y ) Therefore,

L
The center of mass is located at R = (Xcm Yo ) = (O,T\/g]. This is consistent with reasoning by geometry.
J

8.23. (a) The empty can and the liquid should each have their centers of mass at their geometric centers, so
initially the center of mass of both is at the center of the can (assuming the can is filled completely with
soda). Assuming the liquid drains out uniformly, only the height changes and the cross sectional area
remains constant, so the center of mass is initially at L/2 and changes only in height. As liquid drains, its
mass M will drop by AM but the mass of the can, m, remains the same. As liquid drains, its center of mass
will also fall such that if the liquid is at a height h, 0<h <L, its center of mass is at h/2. As long as
M —AM >m, the center of mass-of both will also fall ito. some height h', h/2<h'<L. Once
M — AM < m , the center of mass of both will begin to increase again until M —AM =0 and the center of
mass is that of just the can at L/2. A sketch of the height of the center of mass of both as a function of
liquid height is shown below.

(5]

cm

L/24

z (min)

cm

0 h

(b) In order to determine the minimum value of the center of mass in terms of L, M and m, first consider
where the center of mass for a height, h, of liquid places the total center of mass.

L Z e====|-L2 I_h\- L
z,-————-h/2 y l

Z, is the center of mass of the can. Z, is the center of mass of the liquid. Notice the center of mass moves

along the z axis only. A is the cross sectional area of the can in the xy plane. p,, is the density of the liquid.
h is the height of the liquid.
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The coordinate of the center of mass is given by
mL  Mh
JER— + JE—
_2 2
T om+M
Whenh=1L, Z_=L/2. When h<L, h=aL, where 0<a <1. In other words, the height of the liquid

is a fraction, «, of the initial height, L. Initially the mass of the liquid is M = pV = pAL. When

h(a) =L, the mass of the liquid is M(a) = pAh(a) =apAL =aM. This means the center of mass for
some value of « is

mL M(a)h(a) mL a*ML

7 (a)z 2 2 _2 2 =£ 1+ba’ '
o m+M(a) m+aM 2\ 1+ba

where b = M/m and M is the initial mass of the liquid. In order to determine the minimum value of Z__,

Zcm(a) must be minimized in terms of o to determine where ¢, occurs and then determine

Z. (amin )

az 2 2 2 _
M:ai 1+ba =a ba +2ba-b ,where a = L/2.
da da\ 1+ba (1+ba)2
—1++/
When dZ_ (a)/da=0=b’a’ +2ba —b =0. Using the quadratic equation, a:I_Tler.Since b>0
— 1 2 —f
and >0, «a, :H—H—b. Therefore, Z_ (o, )=a Lrbay, =2a 14b-vlth .
b 1+ba,,, bN1+b
L[M+m—m,f1+M]
m
Zcm(amin):
M 1+M
m

If it is assumed that soda has a similar density to water and the can is made of aluminum, then the ratio of
M /m =30, giving a minimum Z__ of about L/6.

(a) If the astronaut throws both at the same time, he gains their momentum of them moving at a velocity,
v. If he throws one first at a velocity, v, he will recoil back at a velocity, v'. So when he throws the second
item, he will gain its momentum at a velocity of v —v ', which is less than v. So he gains less momentum
from throwing the second item after the first than if he throws both items at the same time. Therefore, he
obtains maximum speed when he throws both at the same time.

(b) If the astronaut throws the heavier object (tool box) first, it will give the astronaut a large velocity, v',
so when he throws the lighter object (hammer), it will have a small velocity of v —v". So its momentum
contribution will be very small. However, if he throws the lighter item first, v' will be smaller in this
scenario, so the momentum of the box will be dependent on v —v', which is greater and contributes a
large amount of momentum to the astronaut, giving him a larger velocity. Therefore, throwing the lighter
object first will maximize his velocity.

(c) The absolute maximum velocity is when both items are thrown at the same time. Initially the
momentum is zero and after the toss, the astronaut travels with velocity, v' and the box and hammer
travel with velocity, v in the opposite direction.

o (M M ., 3
=p. =20=My'—| —+— |y =V ' =—v
Pi =P [2 4j 1

Therefore, the maximum velocity is % of the velocity at which he throws the two items.
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8.25.

8.26.

Let the angle 6 sweep through from —¢/2 to ¢/2. Keeping R constant as 8 increases, the length of the
rod, /= R0, increases and in turn the mass, m = A, increases. Since the mass is uniformly distributed, the
center of mass should be in the same location. So rather than bending a rod of constant length where &
and R change, keep R constant and change € and . Use Cartesian coordinates to determine the center of
mass. Since the center of mass is a function of @, it must be determined how the coordinates change with

the angle 6.

(0,0 (x, 0)
y=R—Rcosf, x=Rsinf, m= AR, dm=ARd6O

412 412 2
X :i_l.xdmZL J- Rsin@ﬂRdQ:B J' Singd@:{_ﬁcosﬁ} :_E(cosg—cos(—QJJ:O
m 1R¢7¢/2 —¢/2 ¢ — 4 g ?

¢

Y :iJ')’dm:L ¢j2 (R—RCOSQ)ﬂRdQZB ¢j~2 (l—cosﬁ)dﬁ :|:B('9_Sin6’):|2
cm m 1R¢ —¢/2 ¢ b ¢ .
. ¢j
2Rs1n(
Aol )2
P\ 2 2 p 5 5 ;
R, =(Xcm,ch>=[o,R_%f¢/2)J

As eggs A, B and/or C are removed, the center of mass will shift down and to the left. To determine the
overall center of mass, use the center of the eggs as their center position, such that eggs A, B and C are

located respectively at
dd) (3dd) (544
22) \272) (272)

Since all of the eggs are of the same mass, m, and proportional to d, m and d can be factored out of the

equations for X__ and Y.

(@ X_, :m_d[z[_éj+2(—§j+2(_l)+l+2(§j+2(éjj _ _i’ Y, =m—d(6(—lj N 5(1)} _ 4
11m 2 2 2 2 2 2 22 11m 2 2 22
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Chapter 8: Systems of Particles and Extended Objects

b) X_ = m—d[z(—ij + 2[—% + 2(—% + 2[1) 3 2(%} _3d Y, = m—d(6(—lj + 5(%} __4
11m 2 2 2 2) 2 2 22 11m 2 2 22

o0 LA )
11m 2 2 2 2 2) 2 22 11m 2 2 22

The center of the pizza is at (0,0) and the center of the piece cut out is at (—3R / 4,0). Assume the pizza

and the hole have a uniform mass density (though the hole is considered to have a negative mass). Then
the center of mass can be determined from geometry. Also, because of symmetry of the two circles and

their y position, it can be said that Y__ =0, so only X_  needs to be determined.

Y
R/4
R
(x,.»,) x
RY R 3
A, =7R%, Ah:ﬂ(zj =T le (xp,yp)z(0,0), (xh,yh)z(—ZR,Oj

X

(L

x4, x4, £ N6 ) R :(ﬁoj

A A, S 200 ™ (20
16

Since the overall mass of the hourglass does not change and the center of mass must move from the top

half to the bottom half, then the center of mass velocity, v_, , must be non-zero and pointing down. As the

sand flows from the top part of the hourglass to the lower part, v_, changes with time. The magnitude of

v, is larger when the sand has just started to flow than just before all the sand has flowed through. Thus

7R?

dv_, /dt=a_, must be in the opposite direction from v__, which is the upward direction. The scale must

supply the force required to produce this upward acceleration, so the hourglass weighs more when the
sand is flowing than when the sand is stationary. You can find a published solution to a similar version of
this problem at the following reference: K.Y. Shen and Bruce L. Scott, American Journal of Physics, 53, 787
(1985).
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Exercises

8.29.

THINK: Determine (a) the distance,d
geometric center of the Earth and (b) the distance, d,, from the center of mass of the Sun-Jupiter system to

,» from the center of mass of the Earth-Moon system to the

the geometric center of the Sun. The mass of the Earth is approximately m, =5.9742-10* kg and the

mass of the Moon is approximately m,, =7.3477-10” kg. The distance between the center of the Earth to

the center of the Moon is d;, =384,400 km. Also, the mass of the Sun is approximately

EM

mg =1.98892-10" kg and the mass of Jupiter is approximately m, =1.8986-10” kg. The distance
between the center of the Sun and the center of Jupiter is dS] =778,300,000 km.

SKETCH:
Moon
X
EM
Earth
] Jupiter
{3 4
@ a, \ 2
Sun
: : D Flml""’_;zmz
RESEARCH: Determine the center of mass of the two object system from R=——7=->_ By
m, +m,

considering the masses on/ the x-axis (as sketched), the one dimensional-equation can be used for x.
Assuming a uniform, spherically symmetric distribution of each planet’s mass, they can be modeled as
point particles. Finally, by placing the Earth (Sun) at the origin of the coordinate system, the center of
mass will be determined with respect to the center of the Earth (Sun), i.e. d,(d,)=x.

SIMPLIFY:

XMy +x,my, dEMmM

(a) dl =X= =
myg + my, my + my,
() d —x— XMy +x,my dgm,
: mg+m,  mg+m,
CALCULATE:
384,400 km )(7.3477-10* kg 2.8244559-10% km -k
(@) d, = ( i ) =< 58 46703 km

(5.9742:10* kg)+(7.3477-10” kg) ~ 6.047677-10"" kg
(7.783-10° km )(1.8986-10” kg)

M) d, = =742247.6 km

(1.98892-10" kg)+(1.8986-10” kg)

ROUND:

(a) dg, has four significant figures, so d, = 4670. km.

(b) dg; has four significant figures, so d, =742,200 km.

DOUBLE-CHECK: In each part, the distance d,/d, is much less than half the separation distance
dyy /dg. This makes sense as the center of mass should be closer to the more massive object in the two

body system.
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THINK: The center of mass coordinates for the system are (L/4,-L/5). The masses are m, =2kg,
m, =3kg and m, =4 kg. The coordinates for m, are (L,0) and the coordinates for m, are (O,—L /2).

Determine the coordinates for m,.
SKETCH:

2-kg mass 3-kg mass

(x. ) Q\ (L 0)
— "

(0, -L/2)

4-kg mass

RESEARCH: The x and y coordinates for m, can be determined from the equations for the center of
mass in each dimension:

1Y 1¢
X=—>xm, and Y =— m..
M,Z::‘ i i M;yz i
x,m, +x,m, +x,m, 1
SIMPLIFY: X = = x, =—(X(m, +m, +m,)—x,m, —x,m,)

I’I’ll-i-}’}’lz-i-l’i’l3 m,

. 1
Similarly, y, :;<Y(m1 +m, +my)-y,m, —ysma).

1

CALCULATE: x, = (i]&(z kg+3 kg+4kg)—L(3kg)-0(4 kg)] = —%L
8

Y, = [i](—%@ kg+3kg+4 kg) —0(3 kg) —(—%JM kg)] = %L
ROUND: Rounding is not necessary since the initial values and the results are fractions, so m, is located
at (-3L/8,L/10).

DOUBLE-CHECK: The coordinates for m, are reasonable: since X, is positive and Y,,, is negative and

both coordinates have comparatively small values (and thus the center of mass is close to the origin), it
makes sense that x will be negative to balance the 3-kg mass and y will be positive to balance the 4-kg mass.

THINK: The mass and location of the first acrobat are known to be m, =30.0kg and
r= (3.00 m,4.00 m). The mass and location of the second acrobat are m,=40.0kg and
A :(—2.00 m, —2.00 m). The mass of the third acrobat is m, =20.0 kg. Determine the position of the

third acrobat, 7,, when the center of mass (com) is at the origin.
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8.32.

SKETCH:
y

_‘““\_(3.00 m, 4.00 m)

m,

m,
(-2.00 m, -2.00 m]. )

RESEARCH: Let M be the sum of the three masses. The coordinates of m, can be determined from the
center of mass equations for each dimension,

1< 1
X —M;ximi and Y —Mizz:‘yimi.
—x,m, _xzmz)

1
SIMPLIFY: Since X = 0, X :M(xlml +x,m, +x,m,)=0 = x, = ( . Similarly, with Y = 0,

m3
y, = (_ylml _yzmz)‘
m3
—(3.00 m)(30.0 kg) —(~2.00 m)(40.0 k
CALCULATE: x, _(H(3.00m)(30.0 kg) - (200 m)(40.0 kg)) =-0.500 m,
20.0 kg
(—(4.00 m)(30.0 kg)—(~2.00 m)(40.0 kg )

==2.00 m

%= 20.0 kg

ROUND: 7 =(-0.500 m,—2.00 m)
DOUBLE-CHECK: The resulting location is similar to the locations of the other acrobats.

THINK: The man’s mass is m_ =55 kg and the canoe’s massis m_=65kg. The canoe’s length is [ = 4.0
m. The man moves from 0.75 m from the back of the canoe to 0.75 m from the front of the canoe.

Determine how far the canoe moves, d.
SKETCH:

0 X 0 XX,
RESEARCH: The center of mass position for the man and canoe system does not change in our external
reference frame. To determine d, the center of mass location must be determined before the canoe moves.
Then the new location for the canoe after the man moves can be determined given the man’s new position
and the center of mass position. Assume the canoe has a uniform density such that its center of mass
location is at the center of the canoe, x, =2.0 m. The man’s initial position is x_ =1-0.75m=3.25m.
After moving, the canoe is located at x| and the man is located at x/, =x/ +a. a is the relative position of
the man with respect to the canoe’s center of mass and a=-I/2+0.75 m=—-1.25 m. Then the distance

the canoe movesis d =x/ —x_.
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SIMPLIFY:
1 n
X=—)» x,m,.
M ; it
1
The center of mass is X :M(xmmm +x.m_). After moving,
1 1
X :M(xr'nmm +x!m, ) = H((xé + a)mm +x!m, ) Since X does not change, the equations can be equated:

L x'+a)m_ +x'm =Lx m_+x.m
M C m c C M m m c C

X, m +xXm_—am_

P . At ! r_
This implies x,_m_+x.m_=xm_+x.m_+am_ = x!= p—
m c

(3.25 m)(55.0 kg ) +(2.00 m)(65.0 kg)—(-1.25 m)(55.0 kg)
55.0 kg +65.0 kg

=3.1458 m

CALCULATE: x! =

Then d=3.1458 m —2.00 m =1.1458 m.

ROUND: As each given value has three significant figures, d = 1.15 m.

DOUBLE-CHECK: This distance is less than the distance traveled by the man (2.5 m), as it should be to
preserve the center of mass location.

THINK: The mass of the car is m_=2.00 kg and its initial speed is v. =0. The mass of the truck is
m, =3.50 kg and its initial speed is v, =4.00 m/s toward the car. Determine (a) the velocity of the center

of mass, V, and (b) the velocities of the truck, ¥ and the car, ¥/ with respect to the center of mass.
SKETCH:

ﬁw |
o>
[@]9] AJC0 ()
b

v V=0

.
RESEARCH:

I
(a) The velocity of the center of mass can be determined from V = ﬁz my,.
i=1

Take ¥/, to be in the positive x-direction.
(b) Generally, the relative velocity, ', of an object with velocity, ¥, in the lab frame is given by
#'=7¥ -V, where V is the velocity of the relative reference frame. Note the speeds of the car and the
truck relative to the center of mass do not change after their collision, but the relative velocities change
direction; that is, ¥| (before collision) =—] (after collision) and similarly for the car’s relative velocity.
SIMPLIFY:

(m7)

_1 _
(a) Substituting ¥_ =0 and M =m_+m,, V=—(m7_+mi ) becomes V = .
m_+m,)

(b) ¥/ and ¥’ before the collision are ¥/ =%, ~V and ¥/ =¥ -V =-V.

CALCULATE:
@) 7= (3.50 kg)(4.00% m/s) _ 5 5455 s
(3.50kg+2.00kg)

(b) 7 =(4.00% m/s)—(2.545% m/s)=1.4545% m/s, V. =—2.545% m/s

ROUND: There are three significant figures for each given value, so the results should be rounded to the
same number of significant figures.

(a) V =2.55% m/s
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(b) Before the collision, v{=1.45x m/s and ¥ =-2.55x m/s. This means that after the collision, the
velocities with respect to the center of mass become v =—1.45x m/s and v/ =2.55x m/s.

DOUBLE-CHECK: V is between the initial velocity of the truck and the initial velocity of the car, as it
should be.

THINK: The motorcycle with rider has a mass of m_ =350. kg. The flatcar’s mass is m, =1500. kg. The
length of the motorcycle is /| =2.00 m and the length of the flatcar is /, =20.0 m. The motorcycle starts
at one of end of the flatcar. Determine the distance, d, that the flatcar will be from the platform when the

motorcycle reaches the end of the flatcar.
SKETCH: After the motorcycle and rider drive down the platform:

d f
RESEARCH: The flatcar-motorcycle center of mass stays in the same position while the motorcycle
moves. First, the center of mass must be determined before the motorcycle moves. Then the new location
of the flatcar’s center of mass can be determined given the center of mass for the system and the
motorcycle’s final position. Then the distance, d, can be determined. Assume that the motorcycle and
rider’s center of mass and the flatcar’s center of mass are located at their geometric centers. Take the initial
center of mass position for the motorcycle to be x =I=172; and-theinitial center of mass for the
flatcar to be x; =17/2. The final-position-of the center-of mass for the motorcycle will be x| =d+1_/2,

and the final position for the flatcar willbe x{ =d +1, /2. Then d can be determined from
1 n
X=—)» x,m,.
M ; i

1 1
SIMPLIFY: Originally, X :M(xmmm +x.m,). After the motorcycle moves, X :M(xr'nmm +x{m,).
As the center of mass remains constant, the two expressions can be equated:

L(xmmm +xfmf):i(xr'nmm +x;mf)
M M
1 1
X, m_+Xm, :(d +Elmjmm -{d +Elfjmf

m

1 1
(xm —zlm}nm +(xf —zlfjmf
d

1 1
x, m_+x.m, =d(mm +mf)+5l m, +Elfmf

m_ +mf
! I 1—1_)m
X, = lf —— and x; =L therefore d :M'
2 2 m_ +m,
(20.0 m —2.00 m)(350. kg)
CALCULATE: d= 34054 m

350. kg +1500. kg
ROUND: m_ has three significant figures, so the result should be rounded to d = 3.41 m.
DOUBLE-CHECK: It is reasonable that the distance moved is less than length of the flatcar.
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THINK: The mass of the sled is m_ =10.0 kg, the mass of the ball is m, =5.00 kg, and the mass of the
student on the left is m, =50.0 kg. His relative ball-throwing speed is v,; =10.0 m/s. The mass of the
student on the right is m_=45.0 kg and his relative ball-throwing speed is v, =12.0 m/s. Determine (a)
the speed of the student on the left, v,, after first throwing the ball, (b) the speed of the student on the
right, v _, after catching the ball, (c) the speed of the student on the left after catching the pass, v|, and (d)

the speed of the student on the right after throwing the pass, v.
SKETCH:

|
|

v v V=0

.‘}‘?I + .‘??5 Hl‘l + m_ +x

V. V.

+x

RESEARCH: Momentum is conserved between each student and ball system. For each step, use P, =P,.
In addition, the relative velocity of the ball is the difference between its velocity in the lab frame and the
velocity of the student in the lab frame who has thrown it. That is, v\, =¥, —¥, and ¥, =¥ —¥ . Recall
each student begins at rest.

SIMPLIFY:

(a) Determine v, after the ball is first thrown:

P =P, = 0=(m #m)V, +mi, = 0=(m +m)v, +m, (V,+7,) = 7, T :nr‘;:imb .
(b) Determine ¥, after the student catches the ball. The velocity of the ball, v, , in the lab frame is needed.
From part (a), ¥, is known. Then ¥, =¥, +¥,. So, ¥, is known before it is caught. Now, for the student
on the right catching the ball,

myv,

P=pP, = mbvb=(mb+mr+ms)vr = ¥, =

m,+m_+m_

(c) Now the student on the right throws the ball and the student on the left catches it. To determine ¥,

the velocity of the ball after it is thrown, ¥/, is needed. It is known that ¥, =+, —¥ . Then to determine
v, consider the situation when the student on the right throws the ball. For the student on the right:
P=P. = (m+m +m)V =m7+(m +m)v!, where ¥ is known from part (b) and

=t =1 r_ =t — - _ = S = : :
V, =V, —V] = ¥/ =V -, .Then, the fact that (m, +m, +mb)vr =m,v, +(m, +ms)(vb —vbr) implies

r

i (ms+mr+mb)17r+(mr+ms)17br o . . .
vy, = . With ¥ known, consider the student on the left catching this ball:
m, +m_+m,

P, =P, = m, +(m, +m)¥, =(m,+m +m)V|. ¥, is known from part (a) and ¥ has just been

myv, +(ml +ms)17l

determined, so V] =
m, +m, +m,

(d) v,, =V, -V = v =¥, —¥,, and ¥, has been determined in part (c).
CALCULATE:

(5.00 kg)(10.0 m/s)
10.0 kg +50.0 kg +5.00 kg

=-0.76923 m/s

(@ v, =

(5.00 kg)(9.23077 m/s)
5.00 kg +45.0 kg +10.0 kg

=0.76923 m/s

(b) ¥, =10.0 m/s—0.769 m/s =9.231m/s, V, =
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(c) The ball is thrown to the left, or along the —x axis by the student on the right. That is,
vy, =—12.0 m/s.
~ (10.0 kg +45.0 kg +5.00 kg)(0.769 m/s)+(45.0 kg +10.0 kg )(~12.0 m/s)
° 5.00 kg +45.0 kg +10.0 kg
= (5.00 kg)(~10.2310 m/s)+(50.0 kg +10.0 kg )(—0.769 m/s) _ 149685 m/s
5.00 kg +50.0 kg +10.0 kg
(d) ¥ =(-10.231 m/s)—(-12.0 m/s)=1.769 m/s

ROUND:
(a) ¥, =—-0.769 m/s (to the left)

(b) ¥, =0.769 m/s (to the right)

(c) ¥/ =-1.50 m/s (to the left)

(d) ¥/ =1.77 m/s (to the right)

DOUBLE-CHECK: Before rounding, |17 ! | > |171| >0 (where the initial speed was zero) and |17 r'| >

=-10.23100 m/s

v.[>0,

as expected.
THINK: Jack’s mass is m, =88.0 kg. Jack’s initial position is taken as (0,0) and the angle of his slope is
6, =35.0°. The distance of his slope is d = 100. m. Annie’s mass is m, =64.0 kg. Her slope angle is

6, =20.0°. Take her initial position to be (d cos®);,—d sin@l). Determine the acceleration, velocity and

position vectors of their center of mass as functions of time, before Jack reaches the less steep section.
SKETCH:

6,
RESEARCH: To determine the acceleration, velocity and position vectors for the center of mass, the
vectors must be determined in each direction. Assuming a constant acceleration, the familiar constant

acceleration equations can be used. In addition,
= 1 - dR 13 - dV 1Y
R=—)>7rm,, —=—>Vm, A=—=—> am,,
w2 V= T 2 AT

where each equation can be broken into its vector components.
SIMPLIFY: The magnitude of the net acceleration of each skier is a = gsin@ down the incline of angle,

0. In the x-direction, a,, = (gsin 0, )cos 6, and a,, =(gsin6, )cosd,. In the y-direction,

a, :—(gsinﬁl)sinel =—gsin’f, and a,, =—(asind, )sind, =—gsin’60,. Then,

1
A =M(m]alx +mAan)=%(m] sinHI cos&I +m, sin6, cosHA), where M =m, +m, and

A, :%(mla]y +m,a,, ) = —%(m]sinzﬁJ +m,sin’0, )

Each skier starts from rest. In the x-direction, v, =a, t = gsinf, cos@t and v,, =a, t = gsind, cosd,t. In

J

. . .2 a2
the y-direction, v, =a, t =—gsin"0t and v, =a, t=—gsin"0,t.
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Then,

X

1 g . .
V. =M(mlle +mAvAx)=M(m] sm9I cos&I +m, sin6, cosHA)t =At and

_ 1 __ &8 .2 .2 _
v, —M(m]v]y +mAvAy)— —M(mlsm 6, +m,sin HA)t =Aft.

The position in the x-direction is given by:

L L. 2 LI L 2
X =Ea]xt +x)0:5gsmt9]cost9]t and xA:Eant +xA0:5gsmt9Ac0549At +dcosd,.

]
In the y-direction,
1 2 1 a2 2 1 2 1 12 2 .
Y :Ea]yt +y]0:—5gsm Ot and y, :EaAyt +yA0:—Egsm 0,t" —dsing,.
Then,

1 1(1 . . . 2 L, 2, m
=M(m,x]+mAxA):M(Em]gsm¢9,cost9,t +5mAgsm¢9AcosﬁAt +mAdcos6’]]:EAxt +Wdcost9]

1 11 . ,., 1 o _ 1, m, .
Y:M(m]y]+mAyA)=—M(Em]gsm ot +EmAgs1n 0,t" +m,dsing, =5Ayt —ﬁdsm@l.

CALCULATE:
(9.81m/s%)
,=——————((88.0 kg)sin35.0°c0s35.0°+ (64.0 kg)sin20.0°c0s20.0°) = 3.996 m/s’
88.0 kg +64.0 kg
(9.81m/s”)
A = ((88.0 kg)sin’ (35.0°) +(64.0 kg)sin’ (20.0°)) = —2.352 m/s’

" 88.0kg+64.0 kg \

V, =(3.996 m/s* )i, V, =(-2.352.m/s” )t
64.0 kg
(88.0 kg +64.0 kg

64.0 kg
(88.0 kg +64.0 kg

ROUND: Rounding to three significant figures, A, =4.00 m/s*, A =-235m/s’, V, = (4.00 m/s’ )t and

X :%(3.996 m/s’ )¢ + )(100. m)cos(35.0°) =(1.998 m/s” )¢* +34.49 m

Y :%(—2.352 m/s” )¢* - )(100. m )sin(35.0°) =(~1.176 m/s’ )¢* - 24.1506 m

V,=(-2.35m/s’)t, X=(2.00m/s’)¢* +345m and Y =(-1.18 m/s’ }¢* ~24.2 m.
DOUBLE-CHECK: The acceleration of the center of mass is not time dependent.

THINK: The proton’s mass is m, =1.6726-10 " kg and its initial speed is v, =0.700c (assumed to be in

the lab frame). The mass of the tin nucleus is m,, =1.9240-10 > kg (assumed to be at rest). Determine the

speed of the center of mass, v, with respect to the lab frame.
SKETCH: A sketch is not necessary.
RESEARCH: The given speeds are in the lab frame. To determine the speed of the center of mass use

1 n
V—M;mivi.

)= myvy

1
SIMPLIFY: V =———(my_ +mv,
m_ +m

p sn

m,+mg,
(16726107 kg )(0.700c)
(167261077 kg)+(1.9240-10 kg)
ROUND: Since v has three significant figures, the result should be rounded to V' =0.00603c.

CALCULATE: V = =0.0060329¢

DOUBLE-CHECK: Since m_, isatrestand m >>m_, itis expected that V <<v .
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THINK: Particle 1 has a mass of m, =2.0kg, a position of 7 =(2.0m,6.0m) and a velocity of
v, =(4.0 m/s,2.0 m/s). Particle 2 has a mass of m, =3.0kg, a position of 7, =(4.0m,1.0m) and a
velocity of v, = (0,4.0 m/s). Determine (a) the position R and the velocity V for the system’s center of

mass and (b) a sketch of the position and velocity vectors for each particle and for the center of mass.
SKETCH: To be provided in the calculate step, part (b).

_ 1 1 _
RESEARCH: To determine R, use X =M(xlm1 +x2m2) and Y =M(ylm1 +y2m2). To determine V ,

1 1
use V_ zﬁ(leml +v2xm2) and V, ZM(vlym1 +v2ym2).

SIMPLIFY: Itis not necessary to simplify.
CALCULATE:

1
(@ X

= ((2.00 m)(2.00 kg)+(4.00 m)(3.00 kg)) = 3.20
2.00kg+3.00kg(( m)(2.00 kg)+(4.00 m)(3.00 kg)) =3.20 m

1

=——————((6.00 m)(2.00 kg)+(1.00 m)(3.00 kg)) =3.00
2.00kg+3.00kg(( m)(2.00 kg) +(1.00 m)(3.00 kg)) m

1
V,=——————((4.00 m/s)(2.00 kg)+0(3.00 kg)) =1.60 m/
x 2.00kg+3.00kg(( m/s)( 8)+0( g)) m/s

1
VvV, =—————((2.00 m/s)(2.00 k 4.00 m/s)(3.00 kg))=3.20 m/
=00k 3,00 g (200 ™/S)(2.00 kg)+ (400 miS)(3.00 kg)) =3.20 s

(b)

3
.
=

v (m}f\r_ (m/s)

1.0 30150 7.0
X (m)/v (m/s)

ROUND: Each given value has three significant figures, so the results should be rounded to X =320 m, Y
=3.00m, V, =1.60 Vs and V, = 3.20 m/s.

DOUBLE-CHECK: R should point between 7 and 7,, and V should point between #, and #,.

THINK: The radius of the hose is r = 0.0200 m and the velocity of the spray is v = 10.0 m/s. Determine the
horizontal force, F,, required of the fireman to hold the hose stationary.

SKETCH:
= ty

5 L.

- , +x
v=10.0 m/s

RESEARCH: By Newton’s third law, the force exerted by the fireman is equal in magnitude to the force
exerted by the hose. The thrust force of the hose can be determined from F,  =-¥.dm/dt. To

determine dm /dt , consider the mass of water exiting the hose per unit time.
SIMPLIFY: The volume of water leaving the hose is this velocity times the area of the hose’s end. That is,
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av,

=Av =7xr’y.
dt
d av - -
With p, =m/V,_, dr: P, dtw = p,7r’v. Now, by Newton’s third law, F, =—F, ., so
- _dm _ ) . .. 2.2
=V =V _p,7r’v. Since v_isinfactv, F. =p 7arv’.

CALCULATE: F, =7(1000 kg/m*)(0.0200 m)(10.0 m/s)’ =125.7 N

ROUND: Since v has three significant figures, F. =126 N in the direction of the water’s velocity.
DOUBLE-CHECK: The result has units of force. Also, this is a reasonable force with which to hold a fire
hose.

THINK: The block’s mass is m, =1.2 kg. It has an initial velocity is ¥, =2.5 m/s (with the positive x axis
being the right direction). The wedge’s mass is m_ and its initial velocity is ¥  =-1.1m/s. Their final
velocity when the wedge stops moving is ¥, . Determine (a) m_, if the block’s center of mass rises by
h=037mand (b) v, .

SKETCH:

RESEARCH: Momentum is conserved. As this is an elastic collision, and there are only conservative
forces, mechanical energy is also conserved. Use P =P, AK+AU=0,K=mv’/2 and U=mgh to
determine m_, and ultimately v,

SIMPLIFY: It will be useful to determine an expression for v, first:

7, = myv, +myv_
w

b+w

P=P =mi, +mi, :(mb +mw)17
m, +m,
(a) From the conservation of mechanical energy:
1 - | 1
AK+AU=K,-K,+U,-U, =0= E(mb +m ), —Embvb2 —Emwvw2 +m,gh=0

1 (mb17b +m v, )2 1 -, 1 _,
:z(mb+mw) (mb+mw)2 2mbvb zmwvw +my,g

2= 2 - = 2= 2
(mb Vo +2mm vV +m v ) 1 ., 1 .,
——my, ——m 3V ~+m gh=0
2 2

2(mb +m, )
Multiply the expression by Z(mb + mw) :
mv +2mom Vv +m ]V —my (my +m )—m, (mb +m,)+2m,gh(m, +m_)=0
=m V) +2mm YV, +m ]V -m v —mm V. —m omV > +m ]V +2m gh+2mm gh=0
=2mm vy, —mm v’ —mm v +2m’gh+2mm_ gh=0

e = 2m’ gh B 2m, gh

w

= = =2 =2 T o2, -2 = = '
2my, v, —my, —myV ~+2mgh VS +V ~-2VV —2gh
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5 oem T
(b) With m_ known, v, =l T M Vy
m, +m,,

CALCULATE:

2(1.20 kg )(9.81 m/s*)0.370 m
(2.5 m/s) +(~1.10 m/s)’ —2(2.50 m/s)(~1.10 m/s)—2(9.81 m/s” ) (0.370 m)

B 8.712 kg-m*/s’

625 m?/s* +1.21 m*/s” +5.5 m* /s’ —7.2594 m?/s’

b) 7, = (1.20 kg)(2.50 m/s) +(1.528 kg)(~1.10 m/s) _ 0.4835 m/s
1.20 kg +1.528 kg

ROUND: Each given value has three significant figures, so the results should be rounded to:

m, =153 kg and v,, =0.484 m/s to the right.

DOUBLE-CHECK: These results are reasonable given the initial values.

(a) m, =

=1.528 kg

t

1
THINK: For rocket engines, the specific impulseis J__ = S _ J-Fthm[ (t")dr'.

spec

expended fuel Wexpended fuel ¢,

(a) Determine J__ with an exhaust nozzle speed of v.

spec
(b) Evaluate and compare J
V e = 4.00 km/s.

SKETCH: Not applicable.
RESEARCH: It is known that E

thrust

for a toy rocket with v, =800.m/s and a chemical rocket with

spec

=—v dm/dt. Rewrite W , as m g. With the given

expended fuel expended

definition, J . canbe determined for a general v, and for v rand v =

1 e v v
SIMPLIFY: ], =———— [ —vdm=—————(m—m,). Now, M=, =~ ey, 50 ], =—.
expendedg my mexpendedg g
Vi 800. m/ % 4.00-10°
CALCULATE: ], =—= """ =8155s, J .. = tm= WS _ 407,75 s
’ g (9.81 m/sz) ’ g (9.81 m/sz)
]Spec’ toy = va = 800' I:I/S = 0200
]spec, chem vchem 4.00-10 m/S
ROUND:

(@) Jipee oy =81.6'8
(b) ]spec, chem — 408 s and ]spec, toy 20200]
DOUBLE-CHECK: The units of the results are units of specific impulse. Also, as expected

spec, chem *

]spec, toy < ]spec, chem *

THINK: The astronaut’s total mass is m = 115 kg The rate of gas ejection is
dm/dt =7.00 g/s=0.00700 kg/s and the leak speed is v_ =800. m/s. After At=6.00 s, how far has the
astronaut moved from her original position, Ax?
SKETCH:

ty -

L.

+x

’y
==ds
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RESEARCH: Assume that the astronaut starts from rest and the acceleration is constant. Ax can be
determined from Ax =(v, +vf)At /2. To determine v,, use the rocket-velocity equation

v —v, =v_ In(m, /m). Theloss of mass can be determined from Am= c;—TAt.

d
SIMPLIFY: Since v, =0, v, =v_In(m /m.), where m =m and mfzm—Amzm—d—TAt. Then,

v,=v_In — ™ |and szévat.

m——mAt
dt

115 kg
115 kg —(0.00700 kg/s)(6.00 s)

CALCULATE: v, =(800. m/s)ln( ]: 0.29223 m/s

Ax= %(0.29223 m/s)(6.00 s)=0.87669 m

ROUND: The problem values have three significant figures, so the results should be rounded to
v, =0.292m/s Ax=0.877 m.

DOUBLE-CHECK: Considering how such a small amount of the total mass has escaped, this is a
reasonable distance to have moved.

THINK: The mass of the payload is m =5190.0 kg, and the fuel mass is m; =1.551-10° kg. The fuel

exhaust speed is v_=5.600-10° m/s. How long will it take the rocket to travel a distance Ax =3.82-10° m

after achieving its final velocity, v, ? The rocKet starts accelerating from rest.

SKETCH:
| Ax |
[ a
— a= 0
Fx
v, v,

i}-‘

v,=0

RESEARCH: The rocket’s travel speed, v, can be determined from v, —v, =v_ ln(mi / mf). Then At

can be determined from Ax =vAt.

m_+m;
SIMPLIFY: v =v_In| ———|, and At =Ax/v,.
m
P
5190.0 kg +1.551-10° k
CALCULATE: v, =(5.600-10° m/s)In g £ |=19209 my/s,
5190.0 kg
8
t:w: 19886 s
19209 m/s

ROUND: Ax has three significant figures, so the result should be rounded to At =19,886 s =5.52 h.
DOUBLE-CHECK: This is a reasonable time for a rocket with such a large initial velocity to reach the
Moon from the Earth.

THINK: The linear density of the chain is 4 =1.32 kg/m, and the speed at which one end of the chain is
lifted is v = 0.47 m/s. Determine (a) the net force acting on the chain, F  and (b) the force, F, applied to
the end of the chain when h = 0.15 m has been lifted off the table.
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SKETCH:

T, Lﬁ T

(a) Since the chain is raised at a constant rate, v, the net force is the thrust force, F,
=vdm/ dt.

(b) The applied force can be determined by considering the forces acting on the chain and the net force
determined in part (a): F,,, = ZE.

=v.dm/dt. Since

the chain’s mass in the air is increasing, F,,

SIMPLIFY:
() F, = vd—m = V/I@ =vAv=v’1
dt dt
(b) E =Fpeg —M8 = Feq = Fo +mg =v’A+mg =v’ A+ Ahg
CALCULATE:
(a) E,, =(0.470 m/s)’ (1.32 kg/m) =0.2916 N
(b) E, s =0.2916 N +(1.32 kg/m)(0.150 m)(9.81 m/s’ ) =0.2916 N +1.942 N =2.234 N
ROUND: v and h each have three significant figures, so the results should be rounded to F,, =0.292 N
and F, .4 =223 N.
DOUBLE-CHECK: These forces are reasonableto determine for this system. Also, F,, < Fapplie "

8.45. THINK: The thrust force is F

thrust

=53.2-10° N and the propellant velocity is v =4.78-10° m/s.
Determine (a) dm/dt, (b) the final speed of the spacecraft, v , given v, =0, m, =2.12-10° kg and

m, = 7.04-10" kg and (c) the average acceleration, a,, until burnout.

SKETCH:
ty =
L. — > =
- Fo -

=—v dm/dt.

(b) To determine v, use v, —v, =vcln(mi /mf).

RESEARCH:

(a) To determine dm/dt, use E

hrust

(c) Av is known from part (b). At can be determined from the equivalent ratios,

dm _Am
——=——,where Am=m, —m,.
dt At
SIMPLIFY:
(a) Since F, . and ¥_ are in the same direction, the equation can be rewritten as:
dm dm s
Fthrust =Vc_ = = oot
dt e v

c
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b) v, =0 = v, :vcln[ﬁj

my
(0 dm_Am _ ppo Am o JAV_ v fdm) )
dt At dm/dt At Am\ dt
CALCULATE:
53.2-10° N
(a) d_ngzmzw kg/s

dt (4.78.103 m/s)

6
(b) v, =(4.78:10° m/s)In M =1.6276-10" m/s
7.04-10" kg
(1.6276-104 m/s)
(c) a_ = (11129.7 kg/s):88.38 m/s>

" (2.12:10° kg—7.04-10" kg)
ROUND: Each given value has three significant figures, so the results should be rounded to
dm/dt=11100 kg/s , v, =1.63-10" m/s and a_, =88.4 m/s’.
DOUBLE-CHECK: The results all have the correct units. Also, the results are reasonable for a spaceship
with such a large thrust force.
THINK: The mass of the cart with an empty water tank is m_ =400. kg. The volume of the water tank is

V =1.00 m’. The rate at which water is ejected in SI units is

L Im® )1 mi
dv /dt =| 200. m M 0.003333 m° /.
min )| 1000 L )\ 60 s

The muzzle velocity is v =25.0'm/s. Determine (a) the time, 7, , to switch from backward to forward so
the cart ends up at rest (it starts from rest), (b) the mass of the cart, M,, and the velocity, v,, at the
time,t,, (c) the thrust, F, ., of the rocket and (d) the acceleration, a,, of the cart just before the valve is
switched. Note the mass of the cart increases by 1000. kg when the water tank is full, as
m,, = pV =(1000. kg/m’)(1.00 m*). That is, the initial mass is M, =1400. kg.

SKETCH:
> r ; ' ( i < ( E ; '
=0 1,=2 v,=2
v,=0 v,=7? M, = 400. kg
M =1400. kg M,=?
a,="?
RESEARCH:
M -M, d
(a) t, can be determined from the ratio, ﬁ = d_T’ with ¢, =0. Note that, dm /dt = pdV /dt. M,
274

can be determined from v, —v, =v, ln(mi / mf). When the cart stops moving, the water tank is empty
and the total mass is M, =400 kg.

(b) Using the mass determined in part (a), v, can be determined from v, —v, =v_ ln(mi I m; )

(c) Use E, . =—v.dm/dt.

(d) Since E

heust = Manet, a, can be determined from this equation.
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SIMPLIFY:

(a) Consider the first leg of the trip before the valve is switched:
v,—v,=v.In(M,/M,)=v,=v_In(M,/M,).

In the second leg, v_ changes direction, and the similar equation is

—v,==v In(M,/M,)=v,=v In(M,/M,).

Vs

Then it must be that In(M, /M, )=In(M, /M, ),or M, /M, =M, /M,. Then M, =/M,M,. Now,

M,~M, _dm_ dv M -M, M, —JMM,
) Bl —pT_=t, = =
L, dr T dt pdl pdl
dt dt

M
(b) From above, M, =\/M,M,, v, =Vc1n[M—1].
2

dm av
o F__ = =7 po—
( ) thrust d ¢ cIO d ¢
E
d Zi _ _ thrust
@ 4 M,
CALCULATE:

1400. kg — ,/(400. kg )(1400. kg)

(1000. kg/m*)(0.003333 m’ /s ) =1955s

(@ t,=

(1400. kg

b) M, =,/(400. kg)(1400. kg) =748.33 kg, v, =(25.0 m/s)
®) \/ )l g)= < m/s) (74833kg

J 15.66 m/s

(c) Before the valveis switched, v is directed backward, i.e.' /. =—25.0 m/s.-Then

Ey, =—(-25.0 m/s)(1000. kg/m®)(0.003333 m*/s) =83.33 N forward. After the valve s switched, F,

thrust thrust

—83.33 N.

(d) Before the valve is switched, a, = 8333N 0.111355 m/s’.
748.33 kg

is directed backward, i.e. Fthms‘ =

ROUND:

Rounding to three significant figures:
(@) t,=196s

(b) M, =748 kg and v, =15.7 m/s.
() F, =-833N

(d) 4,=0.111 m/s’
DOUBLE-CHECK: All the units for the results are appropriate. Also, the results are of reasonable orders
of magnitude.

THINK: The checkerboard has dimensions 32.0 cm by 32.0 cm. Its mass is m, =100. g and the mass of
each of the four checkers is m_=20.0g. Determine the center of mass of the system. Note the

checkerboard is 8 by 8 squares, thus the length of the side of each square is 32.0 cm/8 = 4.00 cm. From the
figure provided, the following x-y coordinates can be associated with each checker’s center of mass:

m, :(22.0 cm,10.0cm),  m,:(6.00 cm,14.0 cm),  m, :(14.0 cm,22.0cm),  m, :(30.0 cm,30.0 cm).
Assuming a uniform density distribution, the checkerboard’s center of mass is located
at (xb,yb) = (16.0 cm,16.0 cm).

400



8.48.

Chapter 8: Systems of Particles and Extended Objects

SKETCH:

X

1 n
RESEARCH: To determine the system’s center of mass, use the following equations: X = —inmi and

i=1

1 &
Y=— E M.
M i:1y1mx

SIMPLIFY: M =m, +4m,

1 1
X =M(xbmb +mc(x1 +x,+x, +x4)), Y =M(ybmb +m, (y1 +y,+y, +y4))
CALCULATE: M =100.g+4(20.0g)=180.g

X :%(16.0 cm(100.0 g)+20.0 g(22.0 cm +6.00 cm +14.0 cm +30.0 cm ) ) =16.889 cm
-8

Y :ﬁ(lé.o cm(100. g) +20.0-g (10.0-cm +14:0 cm=22:0 em+30,0 cm ))=17.33 cm
-8

ROUND: X =16.9cm and Y =17.3 cm. The answer is (16.9 cm,17.3 cm).
DOUBLE-CHECK: m, >m_, so it is reasonable to expect the system’s center of mass to be near the
board’s center of mass.

THINK: The total mass of the plate is M, =0.205kg. The dimensions of the plate are L by L,
L =5.70 cm. The dimensions of the smaller removed plate are L/4 by L/4. The mass of the smaller
removed plate is

2
Mtot:ms = m =A Mtot: £ Mtot:iM .
A, A, oA, W) 16 ™
Determine the distance from the bottom left corner of the plate to the center of mass after the smaller plate

is removed. Note the mass of the plate with the void is m =M, —m_=15M, /16.
SKETCH:

L/4
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RESEARCH: The center of mass in each dimension is X :%inmi and y :ﬁzhmi. The center

= =
of mass of the plate with the void, (X Y, ), can be determined by considering the center of mass of the
total system as composed of the smaller plate of mass m,_ and the plate with the void of mass m . Note
the center of mass of the total system is at the total plate’s geometric center, (X,Y)=(L/2,L/2),
assuming uniform density. Similarly, the center of mass of the smaller plate is at its center
(X,,Y,)=(L/8,L/8). The distance of the center of mass of the plate from the origin is then

d=X, +Y].
/ 1 1(1
L[*Mm—*[mej) 21

1 XM, —Xm
SIMPLIFY: X =——(X,m, +X.m), anpr:( wXm) 12 8116 _2y
Mtot P M —LM EM 40
tot tot tot
16 16
1 1( 1
(xm_-v,m,) L(zM“"_s(mM“’tD .
Similarly, Y = = = =—1L.
P m 15 40

P -

21
CALCULATE: X =Y =--(5.70 cm)=2.9925 cm
P P 40

d=1/(29925 cm )’ +(2.9925 cm )’ =4.232 cm

ROUND: Since L has three significant figures, the result should be rounded to d =4.23 cm.
DOUBLE-CHECK: It is expected that the center of mass for the plate with the void would be further
from the origin than the center of mass for the total plate.

THINK: The height is H = 17.3 cm and the base is B = 10.0 cm for a flat triangular plate. Determine the x
and y-coordinates of its center of mass. Since it is not stated otherwise, we assume that the mass density of
this plate is constant.

SKETCH:

Ay

60°
X N
f— B —

RESEARCH: Assuming the mass density is constant throughout the object, the center of mass is given by

= 1. . . . . . .
R=— I 7dA, where A is the area of the object. The center of mass can be determined in each dimension.
A

The x coordinate and the y coordinate of the center of mass are given by X = % J. xdA and Y = %j ydA,
A A

respectively. The area of the triangleis A =HB/2.

SIMPLIFY: The expression for the area of the triangle can be substituted into the formulae for the center

of mass to get

X:ijdi and Y:ijydA.
HB, HB,
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In the x-direction we have to solve the integral:
B B

B Ym (%) Ym (%) B B
deA = J. J. xdydx = dex J dy = Ixym (x)dx = IxH(l —x/B)dx = HJ.x - (xz /B)dx
A 0 0 0 0 0 0 0
= H(tx* 1 [B)| =LHB' ~1HB =1HE’
Note that in this integration procedure the maximum for the y-integration depends on the value of x:
v,,(x)=H(Q1—x/B). Therefore we arrive at
2 HB _

2
X:—_[diz—
HB, HB

1B

In the same way we can find that Y=1H .
CALCULATE: X, =%(10.0cm)=333333cm, Y,,, =%(17.3cm)=5.76667 cm

7 “com
ROUND: Three significant figures were provided in the question, so the results should be written
X=333cm and Y =5.77 cm.
DOUBLE-CHECK: Units of length were calculated for both X and Y, which is
dimensionally correct. We also find that the center of mass coordinates are inside
the triangle, which always has to be true for simple geometrical shape without
holes in it. Finally, we can determine the location of the center of mass for a \
triangle geometrically by connecting the center of each side to the opposite corner ol
with a straight line (see drawing). The point at which these three lines intersect is "
the location of the center of mass. You can see from the graph that this point has

iy

-

to be very close to our calculated result of ($B,3H). Ay -
l— B —
THINK:  The linear density function for a 1.00 m long rod is

A(x)=100. g/m+10.0x g/m*. One end-of the rod is at x, =0m and the other end is situated at

x; =1.00 m. The total mass, M of the rod and the center of mass coordinate are to be determined.
SKETCH:

RESEARCH:
(a) The linear density of the rod is given by ﬂ.(x) =dm /dx. This expression can be rearranged to get

/1(x )dx =dm. An expression for ﬂ.(x) was given so both sides can be integrated to solve for M.
(b) The center of mass coordinate is given by X __ = ﬁjxdm.

SIMPLIFY:
(a) Integrate both of sides of the linear density function to get:

j (100. g/m +10.0x g/m” )dx = Afdm = [100.x g/m+5.0x> g/m’ J — M.
i 0 x

(b) Substitute dm = ﬂ.(x)dx into the expression for X__ to get

com

Xeom =$;fxﬂ(x)dx.
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The value calculated in part (a) for M can later be substituted. Substitute /1(x) =100 g/m +10.0x g/m’

into the expression for X to get

com

1 . 1 , 100 , L\ ["
X —MJ(IOO.x g/m+10.0x" g/m )dx:{ﬁ(%.Ox g/m+Tx g/m jl
CALCULATE:

(1m)
(a) M=100.g/m(1 m)+5.0g—"—=105g
m

com

b) X =$[50.o(1 m)2 g/m+%(l m)3 g/mzj:0.50793651m
g

ROUND:

Rounding to three significant figures

(a) M=105g

(b) X, =0.508 m

DOUBLE-CHECK: The correct units were calculated for the mass and the center of mass so the results
are dimensionally correct. Our result for the location of the center of mass of the rod, 50.8 cm, is just larger
than the geometric center of the rod, 50.0 cm. This makes sense because the density of the rod increases
slightly with increasing distance.

THINK: The area density for a thin, rectangular plate is given as o, =1.05 kg/m”. Its length is a = 0.600
m and its width is b = 0.250 m. The lower left corner of the plate is at the origin. A circular hole of radius, r
=0.0480 m is cut out of the plate. The hole is centered at the coordinates x, =0.068 m and y, =0.068 m.
A round disk of radius, r is used to-plug the hole. The disk, D, has a uniform area density of

0, =5.32kg/m’. The distance from the origin to the modified ‘plate’s center of mass, R, is to be

determined.
SKETCH:
¥
p L2 T
.
Yitg-- “ o, "
s L
0,0) x, a
I I |

RESEARCH: The center of mass, R, of an object can be defined mathematically as R = ﬁZZml (1). In

i=1
this equation, M is the total mass of the system. The vector 7 denotes the position of the i™ object’s
center of mass and m, is the mass of that object. To solve this problem, the center of mass of the plate,
R,, and the center of mass of the disk, R, must be determined. Then equation (1) can be used to
determine the distance from the origin to the modified center of mass, R. First, consider the rectangular

plate, P, which has the hole cut in it. The position of the center of mass, R, is not known. The mass of P
can be denoted m . Consider the disk of material, d, that was removed (which has a uniform area density

of o)), and denote its center of mass as R, and its mass as m,. Next, define S as the system of the

rectangular plate, P, and the disc of removed material, d. The mass of § can be denoted m =m_+m,. The
center of mass of Sis R =(a/2)%+(b/2)y. m,and m, are not known but it is known that they have

uniform area density of o,. The uniform area density is given by o =m/A. Therefore, m =0,A, and

404



8.52.

Chapter 8: Systems of Particles and Extended Objects

m, =0,A,, where A is the area of the plate minus the area of the hole and A, is the area of the disk, d.
The expressions for these areas are A =ab —nr’ and A, =7r’. Substituting these area expressions into
the expressions for m_ and m, gives m =0, (ab —72'7’2) and m, =o,7r’. So the center of mass of the
system is given by:

L (6% +y9)m+R

R = R (2).

(71<ab—7rr2)+017ﬂ'2

Now, consider the disk, D, that is made of the material of uniform area density, o,. Define its center of
mass as Ry = X, X+ Y, ¥. Also, define its mass as m, =o,7r’.

SIMPLIFY: Rearrange equation (2) to solve for RP :

R 5 _ Roab—(xX v
Rm, = Roab—(xX+y,y)m, = R, = Roy ()r(:meerhy)md'

Now, substitute the values for R_, m, and m , into the above equation to get:

(gfwgyjo—lab—(xh)”w Y, )our?
O'l(ab—ﬂ'rz)

R =

g . . . . =~ 5 ﬁpmp +§DmD
Once R is solved, it can be substituted into the expression for R to get R=————

distance formula R=4/R.’+R yz .

CALCULATE:

(0‘620092 + @ 5;)((1.05 kg/m"*)(0.600 m}(0.250 m))—(0.068% +0.068)(1.05 kg/m’ ) 7(0.0480 m )’

. Use the
m_+m
P D

R, =

(1.05 kg/m® )((0.600 m)(0.250 m) - 7(0.0480 m )’}

=(0.31176%+0.127897) m

e (0.31176% +0.127897) m(0.1499 kg ) +(0.068% +0.068 ) m(0.038507 kg)
0.1499 kg +0.038507 kg

=(0.26194%+0.11565)) m

Then, the distance to the origin is given by R=\/(O.26194 m)’ +(0.11565 m)’ =0.28633 m.

ROUND: Densities are given to three significant figures. For dimensions the subtraction rule applies,
where all dimensions are known to three decimal places. The result should be rounded to R=0.286 m.
DOUBLE-CHECK: The position of the center of mass for the modified system is shifted closer to the

position of the disk, D, which has an area density of 5.32 kg/m’. This is reasonable because the disk has a

much higher area density than the rest of the plate. Also, the results are reasonable considering the given
values.

THINK: The object of interest is a uniform square metal plate with sides of length, L = 5.70 cm and mass,
m = 0.205 kg. The lower left corner of the plate sits at the origin. Two squares with side length, L/4 are
removed from each side at the top of the square. Determine the x-coordinate and the y-coordinate of the
center of mass, denoted X__ and Y,

com com’

respectively.
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SKETCH:
y
1=
3 ®
:1‘ sEmsnnnw
]
] ®
il
0 T T X
1 3
lr 3L

RESEARCH: Because the square is uniform, the equations for X__ and Y__ can be expressed by

13 13
X =—>)mx,andY, =—) my..
com M ; 1 1 com M ; lyl

M is the total mass of the system. In this problem it will be useful to treat the system as if it were made up
of two uniform metal rectangles, R, and R,.
(a) The center of mass x-coordinate for rectangle A is x, =(L/2)%. The center of mass x-coordinate for
rectangle Bis x, =(L/2)x.
(b) The center of mass y-coordinate for rectangle Ais y, = (7L /8) y. The center of mass y-coordinate for
rectangle B is y, = (3L / S)y Both rectangles have the same uniform area density, o. The uniform area

density is given by oc=m, /A, =m,/A,. Therefore, m, =myA, /A,. The areas are given by the

2 2
AL oo
4 )2 8 4 4

following expressions:

SIMPLIFY:
@ x _xm, +xymy
com m, +m,

Substitute the expression for m, into the above equation to get:

A, A,
AmBT+meB XA Af +.xB

x
- B - B
XCUm_ A - A
my =2 +m, A 41
A
B B

Then substitute the expressions for x,, x,, A, and A, to get:

L{I’/8) L
LIERLE FE N
com 2 - = 5 =L
L/8_|_1 1+1 72
30 /4 6 6

(b) The same procedure can be used to solve for the y-coordinate of the center of mass:

A 7L(1) 3L

yA[AAjm (L) 7t e

v = B 816 8=48 48 =25LE=25L.
com 7 48\7) 56
6

-— =
R |
AB

RN

CALCULATE:

(@ X, =%(5.70 cm)=2.85 cm
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(b) Y =§ 5.70 cm ) =2.5446 cm
com 56

ROUND: Three significant figures were provided in the question, so the results should be rounded to
X.n=28cmand Y _=2.54cm.

DOUBLE-CHECK: Units of distance were calculated, which is expected when calculating the center of
mass coordinates. The squares were removed uniformly at the top of the large square, so it makes sense
that the x-coordinate of the center of mass stays at L/2 by symmetry and the y-coordinate of the center of
mass is shifted slightly lower.

THINK: The linear mass density, A(x), is provided in the graph. Determine the location for the center

A
—x, 0<x<x,
of mass, X, of the object. From the graph, it can be seen that l(x) =4 %,

Ay» X, Sx <2x,

SKETCH:
4, [kg/m]

0 I | | T
0 X, 2x

[

x [m]
RESEARCH: The linear mass density, /l(x), depends on x. To determine the center of mass, use the

1
equation X __ = Lxl(x)dx. The mass of the system, M, can be determined using the equation

M= J dx In order to evaluate the center of mass of the system, two separate regions must be

considered; the region from x = 0 to x =x, and the region from x=x, to x=2x,. The equation for
2x,

X can be expanded to X :—Ix—xdx +—J./1xdx The equation for M is

com
0

2x,

M = I—xdx+ j Aydx.

SIMPLIFY: Slmphfy the expression for M first and then substitute it into the expression for X

com *
2x,

3
J.—Oxdx + J. Aydx —{——x } +[ A I loxo +2x,4, — x4, :Exolo.

Substitute the above expression into the equation for X to get:

2 %, % 2 [1 1 2 2 12
Xcom = J.xZ_de + _[ ﬂvoxdx = —ﬂoxoz +210x02 ——ﬂ,oxoz = ﬂ,ox 2 = __i
3x,4,] 5 % o 3x,4, 13 2 3x,4, 6 6 6

0

2 114362 _1lx,
3x/1 oo 9

CALCULATE: This step does not apply.

ROUND: This step does not apply.

DOUBLE-CHECK: The units for the result are units of length, so the answer is dimensionally correct. It
is reasonable that the calculated value is closer to the denser end of the object.
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THINK: The mass of the cannon is m_=750 kg and the mass of the projectile is m =15 kg. The total
mass of the cannon and projectile system is M =m_+m_ . The speed of the projectile is v =250 m/s

with respect to the muzzle just after the cannon has fired. The cannon is on wheels and can recoil with
negligible friction. Determine the speed of the projectile with respect to the ground, v

SKETCH:

pg’
+y

"

+X

RESEARCH: The problem can be solved by considering the conservation of linear momentum. The

initial momentum is P =0 because the cannon and projectile are both initially at rest. The final

momentum is P, =m_v_ +mv . The velocity of the recoiling cannon is v_. The equation for the

conservation of momentum is P =P,. The velocity of the projectile with respect to the cannon’s muzzle
can be represented as v =v  —v_. Take v to be in the positive x-direction.
SIMPLIFY: Rearrange the above equation so that it becomes v =v —v . Then substitute this

expression into the conservation of momentum equation:

P =P :>0=mcvc+mpvPg :>0=mc(vpg—vp)—i—mpvpg :>vpg<mc+mp)=mcvp =V =

(750 kg)(250.m/s)
CALCULATE: v_ = =245.098 m/s
& (750 kg+15 kg)

ROUND: The least number of significant figures provided in the question is three, so the result should be
rounded to v, =245 m/s.

DOUBLE-CHECK: The units of speed are correct for the result. The velocity calculated for the projectile
with respect to the ground is slower than its velocity with respect to the cannon’s muzzle, which is what is
expected.

THINK: The mass of a carbon atom is m, =12.0 u and the mass of an oxygen atom is m, =16.0 u. The

distance between the atoms in a CO molecule is d =1.13-107° m. Determine how far the center of mass,
X
oxygen atom as X .
SKETCH:

is from the carbon atom. Denote the position of the carbon atoms as X and the position of the

com?

O C

e—o

1 n
RESEARCH: The center of mass of a system is givenby X = MZ mx,.
i=1

The total mass of the system is M =m_ +m,,. It is convenient to assign the position of the oxygen atom to
be at the origin, X, =0. Then the center of mass becomes
_ (O)mo +m.d _ med

X .
mey +mg mgy +mg

com
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Once X is determined, then the distance from it to the carbon atom can be determined using the

equation X,. =X_—X__, where X, is the distance from the center of mass to the carbon atom.
SIMPLIFY: Substitute the expression X = (mc d) / (mo + mc) into the expression for X,. to get

m.d
———<—. Substitute X, =d toget X, . =d— .
mo + M mg +m

CALCULATE: X, =(1.13-10%m) —(12'0 u
280u

ROUND: Three significant figures were provided in the problem so the answer should be rounded to

X, =6.46-10 " m.

DOUBLE-CHECK: The center of mass of the system is closer to the more massive oxygen atom, as it

should be.

med
Xy =X¢

j(1.13.101° m) =6.4571-10 "' m

THINK: The system to be considered consists of the Sun and Jupiter. Denote the position of the Sun’s
center of mass as X and the mass as mg. Denote the position of Jupiter’s center of mass as X, and its

mass as m;. Determine the distance that the Sun wobbles due to its rotation about the center of mass.

Also, determine how far the system’s center of mass, X___, is from the center of the Sun. The mass of the

com?

Sun is mg =1.98892-10" kg. The mass of Jupiter is 7, =1.8986-10” kg. The distance from the center of

the Sun to the center of Jupiter is X, =7.78-10" km.
SKETCH: Construct the coordinate system so that the center of the Sun is positioned at the origin.

T W Jupiter
(0;0) ) Py )
C )T ; Y ;
£ _«}‘«‘f"‘ XJ

Sun
1 n
RESEARCH: The system’s center of mass is givenby X __ = MZ mx,.
i=1

The total mass of the system is M =mg +m,. The dashed line in the sketch denotes the Sun’s orbit about

the system’s center of mass. From the sketch it can be seen that the distance the sun wobbles is twice the
distance from the Sun’s center to the system’s center of mass.

m X +mX, . .
SIMPLIFY: X = =-—————. The coordinate system was chosen in such a way that X =0. The
mg +m,
. . el m]X] . . .
center of mass equation can be simplified to X =————. Once X__ is determined, it can be doubled
mg +m,

to get the Sun’s wobble.

(1.8986-10” kg)(7.78-10" km)
CALCULATE: X__=

1.98892-10% kg +1.8986-10” kg
The Sun’s wobble is 2(741961.5228 km ) =1483923.046 km.

=741961.5228 km

ROUND: Rounding the results to three figures, X

1.49-10° km.
DOUBLE-CHECK: It is expected that the system’s center of mass is much closer to the Sun than it is to
Jupiter, and the results are consistent with this.

o =7-42-10° km and the Sun’s wobble is

¢

THINK: The mass of the battleship is m _=136,634,000 lbs. The ship has twelve 16-inch guns and each
gun is capable of firing projectiles of mass, m, =2700. |b, ata speed of v, = 2300. ft/s. Three of the guns

fire projectiles in the same direction. Determine the recoil velocity, v_, of the ship. Assume the ship is

s?

initially stationary.
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SKETCH:

qa— U qP—o—» by L

v

— Vor
v ‘\
P-

vp_!

Before After

+x

RESEARCH: The total mass of the ship and projectile system is M =m_+ Zl:mpi.
All of the projectiles have the same mass and same speed when they are shot from the guns. This problem
can be solved considering the conservation of momentum. The equation for the conservation of

momentum is P =P,. P is the initial momentum of the system and P, is the final momentum of the

system. Assume the ship carries one projectile per gun. P, =0 because the battleship is initially at rest and

13f =—(mS +9mp)1/s +3mpvp.
SIMPLIFY: B =P, = 0=—(m +9m, v +3my = v = Sy
s 5= T\ p)Vs ) S—m

3(2700. 1b)(2300. ft/s)
CALCULATE: v, = =0.136325 ft/s
(136,634,000 Ib+9(2700. Ib))

ROUND: The values for the mass and speed of the projectile that are given in the question have four

significant figures,.so-the result should be rounded to- v =0.1363 ft/s. The recoil velocity is in opposite

direction than the cannons fire.
DOUBLE-CHECK: The mass of the ship is much greater than the masses of the projectiles, so it
reasonable that the recoil velocity is small because momentum depends on mass and velocity.

THINK: The system has three identical balls of mass m. The x and y coordinates of the balls are
7. =(0%,09), 7, =(ax,09) and 7 =(0%,ap ). Determine the location of the system’s center of mass, R.
SKETCH:

(0, a)
O)
L\
(0,0) (a. 0)

RESEARCH: The center of mass is a vector quantity, so the x and y components must be considered
separately. The x- and y-components of the center of mass are given by

13 13
Xcom _M;mi‘xi and Ycom _Mizzl:miyi'
For this system, the equations can be rewritten as
m(0)+mafc+m(0) a m(0)+m(0)+maj/

Xom = =—xand Y = =
3m 3 3m

w |
<>
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SIMPLIFY: The x and y components of the center of mass are known, so R, =—% +—J.

w |
W | Q

CALCULATE: This step is not necessary.

ROUND: This step is not necessary.

DOUBLE-CHECK: Considering the geometry of the system, the results are reasonable. In the x-direction
we would expect the center of mass to be twice as far from the mass on the right as from the two on the
left, and in the y-direction we would expect the center of mass to be twice as far from the upper mass as
from the two lower ones.

THINK: Sam’s mass is my =61.0 kg and Alice’s mass is m, =44.0 kg. They are standing on an ice rink
with negligible friction. After Sam pushes Alice, she is moving away from him with a speed of
v, =1.20 m/s with respect to the rink. Determine the speed of Sam’s recoil, v,. Also, determine the

change in kinetic energy, AK, of the Sam-Alice system.
SKETCH:

Before After

RESEARCH:
(a) To solve the problem, consider the conservation of momentum. The equation for conservation of

momentum can be written P, =P. P is the initial momentum of the system and P, is the final
momentum of the system. P, =0 because Sam-and Alice are-initially stationary and P, = —m, +m,7,.
(b) The change in kinetic energyis' AK =K, =K, = (msvs2 ) 125 (mAvA2 ) 12
SIMPLIFY:
(a) P.=P,=0=-mgi,+m,i
(b) The expression determined for v in part (a) can be substituted into the equation for AK to get
2
1 vV 1
AK =—my Da¥a +—m,wv,”.

2 my 2

CALCULATE:
(44.0 kg)(1.20 m/s)

(@) vo= =0.8656 m/s
61.0 kg

(44.0 kg)(1.20 m/s
61.0 kg

(c) Sam did work on Alice when he pushed her. The work that Sam did was the source of the kinetic
energy. Sam was able to do this work by converting chemical energy that was stored in his body into
mechanical energy. The energy stored in Sam’s body was provided by food that he ate and his body
processed.

ROUND: Three significant figures were provided in the problem so the results should be rounded
accordingly to v, =0.866 m/s and AK =55].

DOUBLE-CHECK: Sam’s mass is greater than Alice’s so it reasonable that his recoil speed is slower than
her sliding speed. The change in kinetic energy is reasonable considering the masses and velocities given.

(b) AK =%(61.0 kg)[ )j +%(44.0 kg)(1.20 m/s)” =54.53 ]
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THINK: The mass of the bat is m,,, and the mass of the ball is m, ;. Assume that the center of mass of
the ball and bat system is essentially at the bat. The initial velocity of the ball is ¥, =—30.0 m/s and the

initial velocity of the bat is ¥, =35.0 m/s. The bat and ball undergo a one-dimensional elastic collision.

Determine the speed of the ball after the collision.
SKETCH:

+y CoM

RESEARCH: In the center of mass frame, ¥ =0. Since the collision is elastic, in the center of mass
frame the final velocity of the ball, ¥, will be equal to the negative of the ball’s initial velocity, V..
This statement can be written mathematically as v, =—v, .. Since the center of mass is in the bat, the

V. inthelab reference frame equals v, . The following relationships can be written for this system:

., _ ~ _ . ~
Viali = Vvani Y (D and Vi =V =Vem ()

com

SIMPLIFY: Recall that v . =—¥ .. Therefore, the following equality can be written:

Vball,i ~Veom = _(Vba.ll,f ~Veom ) = Vball,f =2V o Vba.ll,i‘

Recall that v~ is equal to v, , so the above expression can be rewritten as . =2V
CALCULATE: ¥, =2(35.0 m/s)—(-30.0 m/s)=100.0 m/s

ROUND: Rounding to three significant figures: v, . =100. m/s

DOUBLE-CHECK: The initial velocities of the bat and ball are similar, but the bat is much more massive
than the ball, so the speed of the ball after the collision is expected to be high.

bat ~ Y balli*

THINK: The student’s mass is m_=40.0 kg, the ball's mass is m, =5.00 kg and the cart’s mass is
m_=10.0 kg. The ball’s relative speed is v, =10.0 m/s and the student’s initial speed is v =0.

Determine the ball’s velocity with respect to the ground, ¥,, after it is thrown.
SKETCH:

v, +e Yy

No Friction

+x

RESEARCH: #, can be determined by considering the conservation of momentum, P, =P,, where

p =mv. Note the ball’s relative speed is ¥ =¥, —¥__, where ¥, and ¥__ are measured relative to the

s+c?

ground.

SIMPLIFY: P, =P, =0=(m +m_ )V, +m7, =0=(m +m)(V, —V})+mi, =7, =

s+c

(10.0 m/s)(40.0 kg +10.0 kg)
(40.0 kg +10.0 kg +5.00 kg)
ROUND: ¥, =9.09 m/s in the direction of ¥, (horizontal)

DOUBLE-CHECK: It is expected that v, <v| since the student and cart move away from the ball when
it is thrown.

CALCULATE: v, = =9.0909 m/s

412



8.62.

8.63.

Chapter 8: Systems of Particles and Extended Objects

THINK: Determine the center of mass of an isosceles triangle of constant density o.
SKETCH:

(0, a)

(0, 0) (a,0) *
RESEARCH: To determine the center of mass of a two-dimensional object of constant density o,

1 1
useX=—Iadi and Y=—JaydA.
Al AY

SIMPLIFY: Note the boundary condition on the hypotenuse of the triangle, x + y =a. First, determine X.

As x varies, take dA = ydx. Then the equation becomes X =%Ixydx. From the boundary condition,
0

a 1 a 3
y=a—x. Then the equation can be rewritten as ng"-x(a—x)dxz E(—ax2 ——xj =29
Al A2 6A

0
a 1 a 3
Similarly for Y, take dA=xdy and x=a—y toget Y = %Jy(a —y)dy = {z(—ayz -—y ﬂ = %, with

0

bh _a’ 2 a
A:IadAza-T:a; we get X =Y = &+

. _a
ac 6A 3

CALCULATE: This step is not applicable.

ROUND: This step is not applicable.

DOUBLE-CHECK: The center of mass coordinates that we obtained are contained within the isosceles
triangle, as expected for a solid object.

THINK: The payload’s mass is m =4390.0 kg and the fuel mass is m, =1.761-10° kg. The initial

velocity is v, =0. The distance traveled after achieving v, is d=3.82-10° m. The trip time is

t=7.00 h=2.52-10" s. Determine the propellant expulsion speed, v .

SKETCH:
f—— d——

v.=10 V=, V=,
1 I 1

m=mt+m. m=m m=m
1 P f P P

RESEARCH: v_ can be determined from v, —v, =v_In(m, /m, ). First, v. must be determined from the

relationship v =d /t.
SIMPLIFY: First, determine v, from v =d/t. Substitute this expression and v, =0 into the above

equation to determine v _:
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3.82-10° m ,
CALCULATE: v_= =4.079-10° m/s

5
(2_52.104 S)ln 4390.0 kg +1.761-10° kg
4390.0 kg

ROUND: Since t has three significant figures, the result should be rounded to v_ =4.08 km/s.
DOUBLE-CHECK: This expulsion velocity is reasonable.

THINK: The cannon’s mass is M = 350 kg. The cannon’s initial speed is v ; =7.5 m/s. The ball’s mass is
m = 15 kg and the launch angle is & =55°. The cannon’s final velocity after the shotis v ; =0. Determine

the velocity of the ball relative to the cannon, .

SKETCH:
+y ];

i .,

TX

RESEARCH: Use conservation of momentum, P,=P., where P=m¥. To determine the relative
velocity, ¥;, with respect to the cannon, use ¥ =¥, —¥_, where ¥, is the ball’s velocity in the lab frame.
Finally, since the cannon moves only in the horizontal (x) direction, consider only momentum
conservation in this dimension. Take ¥, to be along the positive x-direction, that is v =+7.5 m/s. With

v,, known, find v, from the expression v, =v cos@ andthen v, can be determined.

SIMPLIFY: P, =P, = (m, +m_)v, =my,+myv, . Notesince v iszero; v, =v, , thatis, the ball's

¢’ cf

speed relative to the cannon is the same as its speed in the lab frame since the cannon has stopped moving.

+ . + ‘
Rearranging the above equation gives v, = M => Y= M
m, m, cos®
15.0 kg +350 kg)(7.50
CALCULATE: y, = 150K +350kg)(7.50 m/s) _ 0
(15.0 kg)cos(55.0°)

ROUND: Each given value has three significant figures, so the result should be rounded to v, =318 m/s.
DOUBLE-CHECK: This is a reasonable speed at which to launch a cannonball. The component of the
momentum of the cannon/cannon ball system in the x-direction before the ball is shot is

P veiore = (350 kg +15 kg)(7.5 m/s) =2737.5 kg m/s. The component of the momentum of the
cannon/cannon  ball  system in  the  x-direction  after the ball is shot s
D atier = (15 kg)(318.2 m/s)cos(55°)=2737.68 kgm/s. These components agree to within three significant

figures.

THINK: The rocket’s initial mass is M, =2.80-10° kg. Its final mass is M, =8.00-10° kg. The time to
burn all the fuel is Af=160.s. The exhaust speed is v=v_=2700. m/s. Determine (a) the upward

acceleration, a,, of the rocket as it lifts off, (b) its upward acceleration, a,, when all the fuel has burned

0 >
and (c) the net change in speed, Av intime At in the absence of a gravitational force.
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SKETCH:
+y

m=M

0

m=M,
RESEARCH: To determine the upward acceleration, all the vertical forces on the rocket must be

balanced. Use the following equations: F, =¥ CZ—T, Fg =mg, Z—T = AA_T The mass of the fuel used is

Am=M,~M, To determine Av in the absence of other forces (other than FE, ), use

ve—v,=v In(m /m).

SIMPLIFY:
M, -M
(a) am _M,-M,
dt At

Balancing the vertical forces on the rocket gives

F _ =F

net thrust

dm v, [ My—M, v, M,
—Fg=ma = MoaoncE_Mog = a,= — |- = a0=At 1-—|-g

(b) Similarly to part (a):

dm v (M,—M, v (M,
PlletzF‘thrust_ngma = Mlalzvc;_Mlg = a1=]\4c _g = a1= = ——1 —g

A\ At At\ M,
(c) In the absence. of gravity,” F,_ =F, . The change in velocity due to this thrust force is
Av :vCln(M0 /Ml).
CALCULATE:
: .00-10° k
(@) a,= 2700. m/s 1—800 06 & —9.81 m/s* =2.244 m/s’
160 s 2.80-10° kg
6
(b) a=| 2700 m/s | 28010 kg | g e = 30,38 ms?
160. s 8.00-10° kg
2.80-10° k
(c) Av=(2700. m/s)ln 80—05g =3382m/s
8.00-10° kg

ROUND:

(a) a,=2.24 m/s’

(b) a, =32.4 m/s’

(c) Av=3380m/s

DOUBLE-CHECK: It can be seen that a, >a, as it should be since M, < M, . It is not unusual for Av to

be greater than v _.
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THINK: The rod has a length of L and its linear density is l(x) =cx, where c is a constant. Determine

the rod’s center of mass.
SKETCH:
y

[ ——
A(X) e

DX

oT
RESEARCH: To determine the center of mass, take a differentially small element of mass: dm = Adx and

use Xzi.[xdmzij.x/l(x)dx, where sz‘dm:j/i(x)dx
ML ML L L

L L
1 1
SIMPLIFY: First, determine M from M = jcxdx = {c Exz} = ECLZ. Then, the equation for the center of
0 0

mass becomes:
1 ¢ 1| 11,7 1
X =—jx(cx)dx :—_[cxzdx =—c|=x’| =—cL’.
MY MY M
Substituting the expression for M into the above equation gives:

3
Y
3(1CLZJ .
2
CALCULATE: This step is not applicable.
ROUND: This step isnot applicable.
DOUBLE-CHECK: X is a function of L. Also, as expected, X is closer to the denser end of the rod.
THINK: The length and width of the plate are [ = 20.0 cm and w = 10.0 cm, respectively. The mass

density, o, varies linearly along the length; at one end it is o, =5.00 g/cm’ and at the other it is

0, =20.0 g/cm’. Determine the center of mass.
SKETCH:

RESEARCH: The mass density does not vary in width, i.e. along the y-axis. Therefore, the Y coordinate
is simply w/2. To determine the X coordinate, use

X :iij(F)dA, where M :IG(F)dA.
M A A

To obtain a functional form for o-(?), consider that it varies linearly with x, and when the bottom left

corner of the plate is at the origin of the coordinate system, o must be o, when x =0 and o, whenx =1

(0:-0,)

Then, the conditions are satisfied by O'(F )= O'(x) =-————=x+0,.

I
I w

SIMPLIFY: First determine M from M = J. 0'(? )dA = “0' dydx I dy J' [;‘)x +0, de. y is not
A 00

dependent on x in this case, so
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1
1{o, -0, 1(o, -0, 1 I
M=[y] {E(Z—ZI)xz +Glx}0 = W[E(Z—ll)lz +Gll] = wl[g(az -0,)+0, ] :%(0'2 +0,).
Now, reduce the equation for the center of mass:

1 L (-0, Lt (oo
X:M;[xa(x)dA =M‘!_([x(%x+aljdydx =M_[dyj(%x2 +o,x [dx

0 0

1
ZLD’I [M’CS +%01x2} =LW(MI3 +%0112J =ﬁle (%(O-z —01)+%c71j

Substitute the expression for M into the above equation to get

1(202 +;O'1j 21(;0'2 +éalj
X: = .

%(0'2+c71) SRR

1

2(20.0 cm)(l(Z0.0 g/cm2)+1(5.00 g/em’ )j
CALCULATE: X= > 0

1
- - =12.00 cm, Y =—(10.0 cm)=5.00 cm
20.0 g/cm” +5.00 g/cm 2

ROUND: The results should be written to three significant figures: X =12.0 cm and Y =5.00 cm. The
center of mass is at (12.0 cm, 5.00 cm).

DOUBLE-CHECK: It is expected that the center of mass for the x coordinate is closer to the denser end
of the rectangle (before rounding).

THINK: The log’s-length ‘and mass are-L=2.50 m and m, =91.0 kg, respectively. The man’s mass is
m_=72kg and his location is d_=0.220m from one end of the log. His daughter’s mass is
m, =20.0 kg and her location is d, =1.00 m from the other end of the log. Determine (a) the system’s
center of mass and (b) the initial speed of the log and daughter, v, ,, when the man jumps off the log at a
speed of v_ =3.14 m/s.

SKETCH:

COM=7?

1 n
RESEARCH: In one dimension, the center of mass location is given by X = szi m,. Take the origin of

i=1
the coordinate system to be at the end of log near the father. To determine the initial velocity of the log
and girl system, consider the conservation of momentum, p, = p,, where p=my. Note that the man’s
velocity is away from the daughter. Take this direction to be along the —x direction, so that

vV o=-314m/sx .
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SIMPLIFY:

(dmmm +(L—dd)md +;Lmlj

m_ +my+m

1
(a) X :M(xmmm +x,m, +x1ml)=

I _ _ - m v
®) p=p = Ozmmvm+(md+ml)vd+l = Vin =~ —
(my +m,)

CALCULATE:

((0.220 m)(72.0 kg )+(2.50 m —1.00 m)(20.0 kg)+1(2.50 m)(91.0 kg))
2 =0.8721 m

(a) X=
72.0 kg +20.0 kg +91.0 kg

(72.0 kg)(-3.14 m/s %)

(20.0 kg +91.0 kg)
ROUND: To three significant figures, the center of mass of the system is X = 0.872 m from the end of the

=2.0368 m/s x

(b) v, =

log near the man, and the speed of the log and child is v, =2.04 m/s.
DOUBLE-CHECK: As it should be, the center of mass is between the man and his daughter, and v, is

less than v_ (since the mass of the log and child is larger than the mass of the man).

THINK: Determine the center of mass of an object which consists of regularly shaped metal of uniform
thickness and density. Assume that the density of the objectis p.

SKETCH:

2a @

| ——]

ml |

f— 120
2a

-
a

RESEARCH: First, as shown in the figure above, divide the object into three parts, m , m, and m,.

2a

—
T,
-

- 1S . 1$
Determine the center of mass by using R= —Zm,.ri , or in component form X = —Zm,.xi and

i=1 i=1

1 3
Y= —Z m,y,. Also, use m= pAt for the mass, where A is the area and ¢ is the thickness.
i=1
SIMPLIFY: The center of mass components are given by:
X: mlxl +m2x2 +m3x3 and Y: mlyl +m2y2 +m3y3
M M

The masses of the three parts are m, = pza’t, m, = p(Za)Zt and m, = p4a’t. The center of mass of the

three parts are x, =0, y,=3a, x,=0, y,=a, x,=3a/2 and y, =0. The total mass of the object is
M=m +m,+m, =pra’t+4pa’t+4pa’t = pa’t(8+ 7).
CALCULATE: The center of mass of the object is given by the following equations:
0+0+4pa’t(3a/2
X= 2 “ ( ) = o a;
pa t(8 + 71') 8+

v pra’t(3a)+4pa’t(a)+0 (4437

= = a.
pa’t(8+7) 8+

ROUND: Rounding is not required.
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DOUBLE-CHECK: The center of mass of the object is located in the area of m,. By inspection of the
figure this is reasonable.

THINK: A jet aircraft has a speed of 223 m/s. The rate of change of the mass of the aircraft is
(dM /dt)air =80.0 kg/s (due to the engine taking in air) and (dM/dt)fuel =3.00 kg/s (due to the engine
taking in and burning fuel). The speed of the exhaust gases is 600. m/s. Determine the thrust of the jet
engine.

SKETCH:

+_1,-'

AlR

F |]| F
thrust,2 thrust, 1

Fuel

RESEARCH: The thrust is calculated by using F,

air, relative to the engine. There are two forces on the engine. The first force, Fy o

et = —VAM [ dt, where ¥ is the velocity of the gases or

is the thrust due to

the engine taking in air and the second force, Fy s

Ehrustl = _va Ldﬂj > ﬁthrust 5 = —\7 dﬂj + dﬂ
’ dt air ' 8 dt air dt fuel

=F,__ +F

thrust,1 thrust,2 *

is the thrust due to the engine ejecting gases.

The net thrust is given by F,

hrust

SIMPLIFY: Simplification is not required.
CALCULATE: F (223 m/s )(80.0kg/s) = —17840 N %,

thrustl

Eyer =—(600. m/s (<))80.0 keg/s+3.00'kg/s |= 49800 N %,
E

thrust

=-17840 N x + 49800 N x =31960 N x

ROUND: To three significant figures, the thrust of the jet engine is F,  =32.0 kN %.
DOUBLE-CHECK: Since the X direction is in the forward direction of the aircraft, the plane moves

forward, which it must. A jet engine is very powerful, so the large magnitude of the result is reasonable.

THINK: The solution to this problem is similar to a rocket system. Here the system consists of a bucket, a
skateboard and water. The total mass of the system is M = 10.0 kg. The total mass of the bucket,
skateboard and water remains constant at A =dM /dt =0.100 kg/s since rain water enters the top of the
bucket at the same rate that it exits the bottom. Determine the time required for the bucket and the
skateboard to reach a speed of half the initial speed.

SKETCH:

+y

+x ‘ \

T % wiw
[aM|—=~

Time ¢ Time ¢ + dt

RESEARCH: To solve this problem, consider the conservation of momentum, p, =p,. The initial
momentum of the system at time ¢ is p, = Mv. After time t+dt, the momentum of the system is
p; =vdM +M(v+dv).

SIMPLIFY: p =p, = Mv=vdM +Mv +Mdv = Mdyv =—vdM
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Dividing both sides by dt gives
M dv_ dM 1dv A

—= o
dt dt vdt M v
Integrate both sides to get

J-ldv:j—idt = lnv—lnvoz—it = In z :—it.
v 2o M M v M

v=v, 0
Determine the time such that v =v /2. Substituting v =v /2 into the above equation gives

2
In Y/ :—it = t:—Mln 1 :MIH(Z).
M A 2 A

Yo

(10.0 kg)In(2)
0.100 kg/s

ROUND: To three significant figures, the time for the system to reach half of its initial speed is t = 69.3 s.
DOUBLE-CHECK: It is reasonable that the time required to reduce the speed of the system to half its
original value is near one minute.

CALCULATE: t= =69.3147 s

THINK: The mass of a cannon is M = 1000. kg and the mass of a shell is m = 30.0 kg. The shell is shot at
an angle of §=25.0° above the horizontal with a speed of v, =500. m/s. Determine the recoil velocity of

the cannon.
SKETCH:

RESEARCH: The momentum of the system is conserved, p, = p,, or in component form, p_ =p . and

P, =P, Use only the x component of the momentum.

SIMPLIFY: p_ is equal to zero since both the cannon and the shell are initially at rest. Therefore,

m
pi=ps = mv cos@+Mv =0 = v_=——7v_cosl.
) M

(30.0 kg)(500. m/s)cos(25.0°)
CALCULATE: v, =
1000. kg
ROUND: To three significant figures: v. =—13.6 m/s
DOUBLE-CHECK: The direction of the recoil is expected to be in the opposite direction to the horizontal
component of the velocity of the shell. This is why the result is negative.

=-13.595 m/s

THINK: There are two masses, m, =2.0 kg and m, =3.0 kg. The velocity of their center of mass and the
velocity of mass 1 relative to mass 2 are v, =(-1.00x+2.40y) m/s and ¥, =(5.00%+1.00y) m/s.

Determine the total momentum of the system and the momenta of mass 1 and mass 2.
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SKETCH:

RESEARCH: The total momentum of the system is p_ =Mv_ =m¥, +m,V,. The velocity of mass 1
relative to mass 2 is v, =¥, —7,.
SIMPLIFY: The total mass M of the system is M =m, +m,. The total momentum of the system is given

into the equation for the total

rel

by p.,=Mv_ =(m +m,)V_ =mi, +m7, Substitute V,=7¥ -7
momentum of the system to get Mv_ =m¥, +m,(V,—V )=(m +m,)V, —my . Therefore,

- = m, _ . . -~ = .
V=V, +M2vrel. Similarly, substitute ¥, =%, +¥ ; into the equation for the total momentum of the

m

3.00 kg )(—1.00x +2.407 ) m/s— (5.00% +1.005) m/s

2.00 kg +3.00 kg
—3.00x+7.207) kgm/s —(6.00% +1.20y) kgm/s =(—9.00x +6.007) kg m/s
ROUND: The answers have already been rounded to three significant figures.
DOUBLE-CHECK: It is clear from the results of (a), (b) and (c) that p_ =p, +p,.

system to get Mv_ =m¥V_, + (m1 +m, )”2 or v, =v__ —Mlﬁml. Therefore, the momentums of mass 1 and

mass 2 are p, =my,=myv, |+ e e v, and p, =mV, =m,V_ — o e Vg

CALCULATE:

(a)

P =(2.00 kg +3.00 kg )(—1.00x +2.40y ) m/s =(—5.00x +12.0)) kgm/s

Pen =(2.0 kg +3.0kg)(—-1.0x+2.4y )m/s =(—5.0x +12) kgm/s

- . ) (2.00 kg)(3.00 kg) . \

b) p, =(2.00 kg)(-1.00x +2.40 / 5.00% +1.00y) m/

© £ =( 8)( #+2405 Jmis+ 2.00kg+3.00kg( #+1.007) m/s
(—2.00% +4.805) kgm/s +(6.00x +1.20) kgm/s = (4.00x +6.007) kgm/s
( (2.00 kg)(3.00 kg)
(

THINK: A spacecraft with a total initial mass of m_=1000. kg and an initial speed of v, =1.00 m/s must

be docked. The mass of the fuel decreases from 20.0 kg. Since the mass of the fuel is small compared to the
mass of the spacecraft, we can ignore it. To reduce the speed of the spacecraft, a small retro-rocket is used
which can burn fuel at a rate of dM /dt =1.00 kg/s and with an exhaust speed of v, =100. m/s.
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SKETCH:

RESEARCH:
(a) The thrust of the retro-rocket is determined using F,  =v.dM/dt.

(b) In order to determine the amount of fuel needed, first determine the time to reach a speed of

hrust

v=0.0200 m/s. Use v =v, —at. By Newton’s Second Law the thrust is also given by F, . =ma.

(c) The burn of the retro-rocket must be sustained for a time sufficient to reduce the speed to 0.0200 m/s,
found in part (b).

(d) Use the conservation of momentum, p, = p,.

SIMPLIFY:

- dM
F_ =—y —
(@) Ve dt

thrust

V=V

(b) t=

a
The acceleration is given by a=F, _/m_ Substitute this expression into the equation for t above to get

v, —v)m M MV, —V)m

t= @ Therefore, the mass of fuel needed is m,, = (d—)t = [d—j@

thrust dt dt Fthrust

v, —V)m
(o) t= (o =v)m,
thrust
(d) mi=(M+m)v, = ¥, = Mms v, where M is the mass of the space station.
+m,

CALCULATE:

(a) The thrust is F,  =—(100. m/s)(1.00 kg/s)¥, =-100.0 N ¥, or 100.0 N in the opposite direction to
the velocity of the spacecraft.
1.00 m/s —0.0200 m/s )1000. kg
100.0 N
(1.00 m/s —0.0200 m/s)1000. kg
(c) t= =9.800 s
100.0 N
1000. kg (0.0200 m/s)

hrust

(b) m, =(1.00 kg/s)(

=9.800 kg

d) v = : v=3.992-10" m/sv; that is, in the same direction as the spacecraft is
5.00-10° kg +1000. kg

moving.

ROUND: The answers should be expressed to three significant figures:

(@) E, . =-100.NV

(b) m, =9.80 kg

(c) t=9.80s

(d) ¥,=3.99-10" m/s v
DOUBLE-CHECK: It is expected that the speed of the combined mass will be very small since its mass is
very large.

422



8.75.

Chapter 8: Systems of Particles and Extended Objects

THINK: A chain has a mass of 3.00 kg and a length of 5.00 m. Determine the force exerted by the chain
on the floor. Assume that each link in the chain comes to rest when it reaches the floor.
SKETCH:

+y g W """"""""" T

S

4y

RESEARCH: Assume the mass per unit length of the chainis p=M /L. A small length of the chain, dy
has a mass of dm, where dm =Mdy /L. At an interval of time dt, the small element of mass dm has

reached the floor. The impulse caused by the chain is given by ] = Fdt = Ap = vdm. Therefore, the force F

is given by F, = vd—m = Vd_md_y
dt dy dt
SIMPLIFY: Using dm/dy =M /L and v =dy /dt, the expression for force, F is
F=v M
L

For a body in free fall motion, v* =2gy. Thus, F,=2Mgy/L. There is another force which is due to

gravity. The gravitational force exerted by the chain on the floor when the chain has fallen a distance y is
givenby F, =Mgy/L (thelinks of length y are on the floor). The total force is given by

F=F+F _2Mgy Mgy 3Mgy,
¥ L L L
When the last link of the chain lands on the floor, the force exerted by the chain is obtained by substituting

3M
y=L, thatis, F zTgy =3Mg.

CALCULATE: F=3(3.0kg)(9.81 m/s’)=88.29 N

ROUND: To three significant figures, the force exerted by the chain on the floor as the last link of chain
lands on the floor is F = 88.3 N.
DOUBLE-CHECK: Fis expected to be larger than Mg due to the impulse caused by the chain as it falls.
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8.76.

THINK: This question asks about the fuel consumption of a satellite. This is an example of rocket motion,
where the mass of the satellite (including thruster) decreases as the fuel is ejected.

SKETCH: The direction in which the xenon ions are ejected is opposite to the direction of the thrust. The
velocity of the xenon with respect to the satellite and the thrust force are shown.

L 3 3 Ll Fthrust
| Vxenon 2 == \
’ . A =
)

RESEARCH: The equation of motion for a rocket in interstellar space is given by F, . =-% — . The

hrust c

velocity of the xenon ions with respect to the shuttle is given in km/s and.the force is given in Newtons, or
1000 m/s

1 km/s
SIMPLIFY: Since the thrust and velocity act along a single axis, it is possible to use the scalar form of the

kg - m / s’. The conversion factor for the velocity is given by

. dm . . .
equation, F, . =-v, = The rate of fuel consumption equals the change in mass (the loss of mass is due
. . dm dm  E, ..
to xenon ejected from the satellite), so solve for i to get - ——thrust.
%

c

CALCULATE: The question states that the speed of the xenon ions with respect to the rocket is v, = v .o,
= 21.45 km/s. The thrust produced is Fy,,, = 1.187-10 N. Thus the rate of fuel consumption is:

hrust

d_m _ Fthrust
dt v,
B 1.187-107 N
21.45 kmys - 1000 /s
1 km/s

=-5.533799534-10" kg/s

=-1.992167832 g/hr
ROUND: The measured values are all given to four significant figures, and the final answer should also
have four significant figures. The thruster consumes fuel at a rate of 5.534-107 kg/s or 1.992 g/hr.
DOUBLE-CHECK: Because of the cost of sending a satellite into space, the weight of the fuel consumed
per hour should be pretty small; a fuel consumption rate of 1.992 g/hr is reasonable for a satellite launched
from earth. Working backwards, if the rocket consumes fuel at a rate of 5.534-:10™ g/s, then the thrust is

—21.45 km/s-(~5.534-10"" g/s)=0.01187 km - g/s’ =1.187-10" N

(the conversion factor is 1 km-g/s* = 1 kg-m/s*). So, this agrees with the given thrust force of 1.187-107 N.
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F=v %:(23.75-103 m/s)(5.082-107 kg/s)=1.207-10" N

F 1299:10° N

v, = = - =26.05 km/s
dm/dt 4.718-107 kg/s

THINK: This question asks about the speed of a satellite. This is an example of rocket motion, where the
mass of the satellite (including thruster) decreases as the fuel is ejected.

SKETCH: The direction in which the xenon ions are ejected is opposite to the direction of the thrust. The
velocity of the xenon with respect to the satellite and the thrust force are shown.

RESEARCH: Initially, the mass of the system is the total mass of the satellite, including the mass of the
fuel: m;, = My After all of the fuel is.consumed, the mass of the system.is equal to the mass of the
satellite minus the mass of the fuel consumed: m; = mg . — Mgq. The change in speed of the satellite is

given by the equation v, —v, =v_In(m, /m,), where v, is the speed of the xenon with relative to the

satellite.
SIMPLIFY: To make the problem easier, choose a reference frame where the initial speed of the satellite

equals zero. Then v, —v, =v, —0=v,, so it is necessary to find v, =v, In(m;, /m,). Substituting in the

masses of the satellite and fuel, this becomes v, = v, ln(msatellite /[Mete — M ]) .

CALCULATE: The initial mass of the satellite (including fuel) is 2149 kg, and the mass of the fuel
consumed is 23.37 kg. The speed of the ions with respect to the satellite is 28.33 km/s, so the final velocity
of the satellite is:

1/f = Vc ln(msatellite /[msatellite - mfuel ])

2149 k
=(28.33 km/s)In kg
2149 kg - 23.37 kg

=3.0977123-10"" km/s
ROUND: The measured values are all given to four significant figures, and the weight of the satellite
minus the weight of the fuel consumed also has four significant figures, so the final answer will have four
figures. The change in the speed of the satellite is 3.098-10"" km/s or 309.8 m/s.
DOUBLE-CHECK: Alhough the satellite is moving quickly after burning all of its fuel, this is not an
unreasonable speed for space travel. Working backwards, if the change in speed was 3.098-10"" km/s, then
Av
In(m, /m;)’
b - 3.098-10"'km /s
© In(2149 kg /[2149 kg —23.37 kg])

satellite

the velocity of the xenon particles was v, =

=28.33km/s.
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This agrees with the number given in the question, confirming that the calculations are correct.

8.80.  Av=v, h{ﬁj

g
Av m.
_— ln —1
vc mf
&
et =M
my
A
—_— VC
m; =m,e
_Av _Av
— — Ve _ _ Ve
Mg, =m, —m, =m, —m,e =m,|1l-e

236.4 m/s

m,, =(2161 kg)[l — ¢ 206110 mis ] =24.65kg

8.81. Av=v ln(ﬂ]

my
Av ( m, )
— n —_—
vc mf
&
Ve — mi
g
ﬂ
p— 1/C
m, =m;e

My =1 — Mgy

av A A
_ ( _ ) Ve — Ve _ Ve
m, =\m; — Mg )€ =me My €
Av Av

Ve _ — Ve
me m;, = mfuele

Av

mg e’ 1
= — =y ——— = (25.95 kg)——;m— = 2175 kg
ot _1 e ™ L= To0 i

8.82. THINK: The fisherman, boat, and tackle box are at rest at the beginning of this problem, so the total
momentum of the fisherman, boat, and tackle box before and after the fisherman throws the tackle box
must be zero. Using the principle of conservation of momentum and the fact that the momentum of the
tackle box must cancel out the momentum of the fisherman and boat, it is possible to find the speed of the
fisherman and boat after the tackle box has been thrown.

SKETCH: The sketch shows the motion of the tackle box, boat, and fisherman after the throw:

Vihrow
TACKLE o
BOX "
BOAT

Vrecoil

—
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RESEARCH: The total initial momentum is zero, because there is no motion with respect to the dock.
After the fisherman throws the tackle box, the momentum of the tackle box is
Prox = MhocVbor = MioxVinrow towards the dock. The total momentum after the throw must equal the total
momentum before the throw, so the sum of the momentum of the box, the momentum of the boat, and
the momentum of the fisherman must be zero: p, .. + Prgerman + Prow =0- The fisherman and boat both

have the same velocity, SO  Prierman = Micherman Y fisherman = Miicherman away from the dock and

recoil
pboat = MyoatVooat = Mhoat Viecoil AWAY from the dock.

SIMPLIFY: The goal is to find the recoil velocity of the fisherman and boat. Using the equation for
momentum after the tackle box has been thrown, p, + Proerman T Proa =0 > Substitute in the formula for

the momenta of the tackle box, boat, and fisherman: 0=m,_ v, .. + Mg crmanVeecoit T Mooat Vrecas - S01VeE for the

recoil velocity:
Mo Vinwow T Migherman Vrecoil T Mooat Veecoil = 0
mﬁshermanvrecoil + mboatvrecoil = _mboxvthrow
Vrecoil (mﬁsherman + mboat ) = _mbox Vthrow
Vrecoﬂ —_ mboxvthmw

mﬁsherman + mboat
CALCULATE: The mass of the tackle box, fisherman, and boat, as well as the velocity of the throw (with

respect to the dock) are given in the question. Using these values gives:

mbox v

_ throw
Veecoil =

Mesherman + Mhoar

13.63 kg-2.911 m/s

75.19 kg +28.09 kg

=-0.3841685709 m/s

ROUND: The masses and velocity given in the ‘question all have four significant figures, and the sum of
the mass of the fisherman and the mass of the boat has five significant figures, so the final answer should
have four significant figures. The final speed of the fisherman and boat is -0.3842 m/s towards the dock, or
0.3842 m/s away from the dock.
DOUBLE-CHECK: It makes intuitive sense that the much more massive boat and fisherman will have a
lower speed than the less massive tackle box. Their momenta should be equal and opposite, so a quick way
to check this problem is to see if the magnitude of the tackle box’s momentum equals the magnitude of the
man and boat. The tackle box has a momentum of magnitude 13.63 kg - 2.911 m/s = 39.68 kg-m/s after it is
thrown. The boat and fisherman have a combined mass of 103.28 kg, so their final momentum has a
magnitude of 103.28 kg - 0.3842 m/s = 39.68 kg-m/s. This confirms that the calculations were correct.

man

My, 14.27 kg

+ 77.49 kg +28.31 k
Phan = Pt y, = B £(0.3516 m/s) =2.607 m/s

(mman + mboat )Vboat = mbovaox

mmanvboat + mboatvboat = mbovaox
m,_ VvV —-m, .V v,
_ box ” box boat ” boat __ box
Mpan = = Myox ~ Myoar
Vbaat Vboat
3.303 m/s
m,., =(14.91 kg)——————28.51 kg =79.80 kg

0.4547 m/s

THINK: The masses and initial speeds of both particles are known, so the momentum of the center of
mass can be calculated. The total mass of the system is known, so the momentum can be used to find the
speed of the center of mass.
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SKETCH: To simplify the problem, choose the location of the particle at rest to be the origin, with the
proton moving in the +x direction. All of the motion is along a single axis, with the center of mass (COM)
between the proton and the alpha particle.

—> ix
ve=0m/s
O vp=1.823 Mm/s veom 7 0 @
P >
mp=1.637yg com ma=6.645 yg

RESEARCH: The masses and velocities of the particles are given, so the momenta of the particles can be
calculated as the product of the mass and the speed p, =m,v, and p, =m,v, towards the alpha particle.

The center-of-mass momentum can be calculated in two ways, either by taking the sum of the momenta of

each particle ( P, = Z p, ) or as the product of the total mass of the system times the speed of the center
i=0

of mass (P, =M vy, )-

SIMPLIFY: The masses of both particles are given in the problem, and the total mass of the system M is

the sum of the masses of each particle, M = m, + ma. The total momentum P, = Z pi=p,+p, and
i=0

Peoy =M Veop >80 M vy = p, + p, . Substitute for the momenta of the proton and alpha particle (since
the alpha particle is not moving, it has zero momentum), substitute for the total mass, and solve for the
velocity of the center of mass:
M-veoy =p, +p, =
_batD,

v, =
com
M

MV, +mv,
m,+m,
m,-0+m,v,
m, +m,
m,yv,
m, +m,
CALCULATE: The problem states that the proton has a mass of 1.673:10~*" kg and moves at a speed of
1.823-10° m/s towards the alpha particle, which is at rest and has a mass of 6.645-10~*" kg. So the center of

mass has a speed of

v — mP VP
COM —
m,+m

(1.823-10° m/s)(1.673-10" kg)
1673107 kg+6.645-10"7 kg

=3.666601346-10° m/s
ROUND: The masses of the proton and alpha particle, as well as their sum, have four significant figures.
The speed of the proton also has four significant figures. The alpha particle is at rest, so its speed is not a

calculated value, and the zero speed does not change the number of figures in the answer. Thus, the speed
of the center of mass is 3.667-10° m/s, and the center of mass is moving towards the alpha particle.
DOUBLE-CHECK: To double check, find the location of the center of mass as a function of time, and
take the time derivative to find the velocity. The distance between the particles is not given in the problem,
so call the distance between the particles at an arbitrary starting time ¢ = 0 to be d,. The positions of each
particle can be described by their location along the axis of motion, 7« = 0 and r, = d,, + v, L.

428



8.86.

Using this, the location of the center of mass is

Reow 55—
m_+m

pa
Take the time derivative to find the velocity:

d d| 1
—R = —_—
de = ad%{mwﬁ

1
m,+m
1

1

m,+m

m+m dt

Chapter 8: Systems of Particles and Extended Objects
(rpmp +rm ) .

m

(o )|

d

—[(do -i;lvpt)mp +0-m }

dt

(domp +v,mt +0)

i(domp +vpmpt)

dt

= ;(0 +v,m, )

m,+m
VP mP

m,+m

(1.823-10° m/s)(1.673-10 kg)

1673107 kg+6.645-10"7 kg

=3.666601
This agrees with the earlier result.
(m, +m, )., =myv, +m,v,
Since v, =0,

_m,+m,

_1.673-10” kg +6.645-10" kg

346-10° m/s

= m, Yem (1.673:107 kg)

429

(5.509-10° m/s)=2.739-10"’ m/s



