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Some Special Functions and their Applications in Physics
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Introduction
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(A T Aai) og pmall oy g el -1
n'=n(h-1)(n-2)---1

 A1=4%x3%x2x1=24%

g 30 A

sie 5an Y Y(X) W) dad o ol Xad J Y(X) = Y(—X) 28D ciing 13 dua g5 Le Al 5
X (s ‘zh.\ —X s

X

dga 8l a3
sie s Y(X) A dad o o X8 IS Y(X) = —Y(—X) A8l i 13) A Lo Ao 55
X Yu—X s
A4 s SIN(X) = —SIN(—X) M
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Few differential equations of special functions

& Laguerre Polynomials (Hydrogen-like atoms)

{xi—(l x)—+n}L (x)=0
dx

& Associate Laguerre Polynomials (Hydrogen-like atoms)
d? d
X ——(M+1-x)—+(n—m)|L"(x)=0
{dxz( ) )L()
& Legendre Polynomials (dipole expansion)
d2

{(1—x2)dx—2—2x dix+£(£+1)}Pn (x)=0

& Associate Legendre Polynomials (Hydrogen-like atoms, Multipole expansion)

d’ d m® || n
[(1—x )dT—zxd—X+{z(z+1)— . HP” (x)=0

{1d.d1

& Spherical Harmonics

————sin —+£(£+1) S (x)=0
sinéddé@ do sin*ddg

@ Hermit Polynomials ( Harmonic oscillator w\a9lgill wisdioll)
2
d —2xd—+2n H.(x)=0
dx 2 dx

& Bessel functions

[xzazyz +X %+{x2—v2}}y(x):0

OX
& Spherical Bessel functions (Scattering caddl) @ Uaiay) )
d? d
r-—s+2r— —¢(¢+1) |;R(r)=0
{dr+ dr+[ (+)]}()
& Confluent Hypergeometric function
d*w o )dw 0
2 — Z)— —aw =
dz? dz
& Hypergeometric function ,
d=w dw
z(1 —z)— c—(a+b+1)z] — —abw = 0.
dz
& Airy’s function (Optics)
y "=ty =0,
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Chapter 1
adapadl JIsall (azy

Some of simple special functions

O sl
(Gamma FunctionT"(n) =(n—-1)!) Wk -]
(Kronecker Delta Function @j) bl iy KA 22

(Error Function) Uaall a1a -3
(Dirac Delta Function 6(X)) & pal il dlls 4




(Gamma Function T(n) =(n-1)) Lala 12 -1

:\_5‘_),_.0 :\mu\d\‘jﬂ\@.n;l_p‘_)ﬂj"|"uj)mﬂ\w")w&uf\«_\iq;\ﬁﬁsaﬁ‘;\j\d\jﬂ\wa&

Jedx =g~ (i)

0
DB Jasas e 255 o i el yall o 22a] (AN Al Ay (8 ) Josli

a 0 a 0 o0
— e ®dx=—q "' = |-xe ¥dx=-197 = | xe ¥dx =1q*
8q£ aq ! {
8—zwe"‘xdx = a—zq’l = T(—x)z e ¥dx=-1(-2)9° = szeqxdx =2q°
6qz 0 aq2 0 0
:O )yl
j x"e"%dx = (n1)g "™ (i)
0
S Sl Aansd 53 111 Al Uy ja3 e Jomnd Cogas Uil ani o =1 il pm g
nl= j x"e *dx (iii)
0
ANl Lala A1y (8 ymd (B gundia g
I'(n)= J'x”‘le‘xdx n>0
in} 0
|- ]| II,I'I ZGJ“— Jrani Ll iy j23 (e
L A / I'(n+1)=n"(n)=n!
| d \ ,«/ A8l pladinl aadatii n <0 pall g
/ T T r(n+l
-'4_‘\;':_! 1 § § H £ 4" l_‘(n)z(n)
l ™
| I'.
| ] _" ey (Singular) 33 a8 Wl T(N) s o Jihall ans 1 (e aadls
‘ \ ,« Nn=0,-1-2,--- Ll ac IT'(N) =00 g
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s A Ll a8
rQ)=r@)==1 r(1)=J;, r(§)=ﬁ
r(m )—1352£2m 1)J_ m=123
(-1)" 2" -3-5---(2m -1)
1.3.5...(2m —1) Vr,

m=123,

r(-m+3)=

F)= [ e*de=-c>[[=-0-D=1  r)=ra+H=1r@-=1
I(3)=TQ+1)=2I(2)=2 T(d)=T(3+1)=3T(3) =3 x2 x1=3!

Problem. Show that F(%) =z

Step 1. I'(n) = je X" dx = F( j je‘xxz dx _je X de

Step 2. Let x=u?, dx=2udu

(2udu) ZI ot (u)fl(udu) = ZIe‘uzdu
0

0

1
2

Step 3. F( ) J'e X 2dx —J'e u’

Step 4. [r[%ﬂz = [zofe‘uzduj[zofe‘uzdu]

Step 5.
0joe_uzdu :Te_vzdv :[F(%ﬂz [ZIe_“ du ][Zje v va—4”e_(u +*)gudy

0 0 00

Step 6. Switching to polar coordinates* (dudv =rdrd6)

T T
2 0000 9 5 o
( ] 4 fe e~ (W V) qudy = 4”e_r rdrd@ = 4[(—1] -1 de
2 00 2 0
n L .
2 _ 2 2 ki
=-2[e" —2[(0-1)d6 = 2jd9 29|0_n
0 0




*Switching to polar coordinates with u=rcose and v=rsing,

we have
u?+v* =r?(cos’ p+sin’p) =r?,
and using the Wronskian,

u
or op cos@p —rsing

dudv = drd@d =] . drdp=rdrde
oV Singp  rcose
or O

s .

A,

)
Y

I CoS P u

we can have the relation dudv =rdrde . With the u,v domain limits defining the first quadrant,
O<u<oo and O0<Vv<oo, the limitson rand @ become O<r <o and O<p<7z/2.

Example: Prove that r(—%j - 27

I'(n)

n-1-

I'(n+1)
n

Answer: Use the definition I'(n) = =I'(n-1) =

1

e afyas

2

Example: Find r(—g)

I'(n+1 I'(n
Answer: Use the definition I'(n) = (n) =I(n-1)= n(—) , then
1 1
1 3, ') TG 4
HegD=lty)="s=5"1=3
2 2 2

W (X) =xe™'? AL Coay asnen e
Al DI |y ()P amsy) -

P =l dx A cual o
0

15 ©
P= 1w ()P dx 4dia¥l P = [Jy(x) P o 4dlaiall o 5 -
0 0

:dJad)
AU IS aay Adlaally DS |y (x) oy -]

10
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Ur(x) vs X

0.3
04

=03

¥

0.1

0.0

(S Caal LJ)‘Y\ Allaay) -
P= j ly (X)[? dx = j x%e*dx = j x> le*dx =T (3) =21=2
0 0 0
i s Al 48 Hla (sl et Al AdliaY) &
15 15
P={ly() [ dx=[x%edx =1.99999
0 0

M\ﬂ\ cﬁ@J 00) Lg_\i.s 15 :\.Agsj\ A=’y ‘\L);Lx

0 Jua¥) ddais I dady awall o) lica 3580 13 i) ddati (e @ ddlise o ) ) aal) o i 4l anaJUa
1O i ¢ X Adlsal) pa pnSe Gl b 53y

d’x  k
F=m&ZX__X
dt? X
a9V A 1 Ay ) 2 391 30 el s ) 513 il lt g K >0
Jall
d 2x K
RETC @

&tﬂb ((jj_)::V’ MMDM\A&)&&J}J\;}J

d?x dv _dv dx _y v
dt? dt dx 'dt dx

(1) & omsaill

mv.—=—— or =—k Inx +cC
dx 2

dv Kmv
X

aidieg =K Ina.of s x=a ae v =0 Sy b al sl
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ALl (g0 pnd) Sl I (30 ) o 3 8305 e B8 X 0f i i ) (8 bl 2l 5 JLEY) G
Jaily X =0 Jayiaks X =a
dx

4)
InE
\f X

zid e X=ae ™ In%:u o JalSill daii lual
— moo 7 a—u — m 1 = @
T_a\/;gu eldu a\/;F(ZJ a/2k

Beta Function

T =

Oy,

m
2k

Beta function is defined by the expression:

ﬂ(m,n)sjl'x "1 -x)""dx m,n >0

Use x =sin?@, one can have:
l2

LA(m,n)=2 I sin®™ '@ cos™6d@o
0

['(m)I'(n)

Homework: prove that #(m,n) =
'(m+n)

Special Values:

pm,n)=pMm.m), BG.,)=n

wl2
Example: Evaluate the following integrals: I cos”* od 0
0
Answer: use the definition
ml2
pA(m,n)=2 j sin®™ @ cos*"t@d g = p(m,n) _I(m)r(n)
3 r'(m+n)

Then, inourcase 2m -1=0 = m=1/2,and 2n-1=16 = n=17/2

15-1311.9-7.5:31_ 1
1 17 15
w12 réyrd) Jer@.) V@ ; rG)
jcosl60d0= 2-__2° 2 - Z 2
5 21°(9) 2x 8! 2x 8!
DS 030847
196608
Example: Evaluat j X
Xample: evaluate:
i s Ja-ud)2—u?)

Answer: use the substitution: x =1—u?, then

12
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dx =—2udu and du_—d—X:— dx

du 21— X

And the limit of integration: u=0=>x =1, u=1=x=0

J‘ du :1-[ dx
) \/(1—u2)(2—u2) 29 x 1-x2

y =x?=dy =2xdx =dx :d_y:_

dy
2x 2y
x:O:y—O x=1:>y—1

-3/4 -1/2
2 4Iy (L-y)**dy

Again use

I \ﬁ 1-x
Now, with the values:

2m-1=-3/4 = m=1/4 ,and 4n-1=-1/2 = n=1/2

One gets
3/4 -1/2 11 1 F(%)l"(%)
j jy- (-y)*2dy =1 p(c. =1 —4 2 -131103
«/X_ ré)
4
With MATHEMATICA
1 1 EllipticK[i}
J du 2
0 ,\/ (1_uz) ],Y (2—\1‘) \/,2,
du // N
O A(T-uy A (2-u) 1.31103

/2 16 6435 71
J Cos[u]  du
0 65536

fx/ZCos [u] ¥du s/ N
Jo 0.308474

Homework: evaluate the following integrals and check them with MATHEMATICA.

=
O ey

X 2 1 A a® 53
dx =4v28(3,2), 2. |x*al-x2dx =—pB(=,Y),
0 =425 j Ja? > B3
4 8 24

3. [ x382—x%dx == B(=,2),

! PG5

13



(Kronecker delta function &, ) la jSig S dlla -2
(AUIS Bl S35 S Al 8 jas
5 _{l if m=n

0 if m#n
Aol ol aelaill (e J)sall Gl i iy il andig
o il Caia 13) 3 e o) Baalaia (1) ANl s o Jlia
x 1 ifm=nis _sz2 =
.[ (//m(r) Wn(r) dT:amn! 5 =

all space

0, =0 s adlaililya 5 0 =1 sas el i o Gam gy AN Gl G 8 g % A ) Cua

mn O |f m=nsa Dol 2l « (1)

asi =™ Al Jhe
2g”e_imcod(p:Zf[cos(mgo)—isin(mgo)]dgo
2z
= [ [ cos(0)-isin(0) |dp =275,
0

Cay i ki Lyl Leia
27 . 7
[e'™dp =275, ,

0

AUl lEdal) (e (385 5 lia
if m=n

0
J'cos(nﬂy)cos(m”y )dy :Eémn 12 if m=n #0
0 a a 2 2

a

if m=n=0

[sin™ysin Lty =25,
5 a a 2

14
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1AL i s 2ea Jlae (8 jas ¢ Lol Bl (3 5tim JAI ] 1l
0, 0<x<L
v (x)={ &

o, otherwise
AL axd (3 saiall Jala aseall L sall Al ) aa
v, (x) = Asin(kx)

2r .
a.m.euﬁj‘k:T AL A" sl Jshally ladi g G sall 2aad) ey Ko2aadl DA 5 K cl il 2

2
e.ma;l\dﬁsh m‘i‘P‘E=§— E‘EML.’"E"&.\M;M
i m

LS all sl (354 adas 555 A8 Ll diama Aadad Jalay ya (5,0 A8 Ha e Glee Badaiy JUiall 138 s Jad)
o2a Jaly dpa i A8Ua aldlac b V) cdie gl e Sy Vg cpamall Jala &l jaty (5 SSIY) (8 &5 (a5 ¢y 5 ST
18 = LA V =00 el () Sum 0<X KL ) (A3 LSl 5 63y ansal) A8 ja o 1 JSE (ge LoD ATl

Aeall dila e apall alSail e J s saall g8 (524l

V=oco v=0 | V==
|

0 L
Lalad (3lha 5 gaben (A3 s (1)J85

Ll

ey, (X =L) =0 gasll bal aadiad K il sl

l,/l(x=L)=0}:>kn:”_”, n=123- (7)

Asin(kL) =0 L

;‘éllﬂls 3 pleall Loy PRENY A il sl o

L L
A2 [ sin(k,x)sin(k,x)dx = A? [ sin(”T” x)sin(m—L” )dx=1 = A=+2/L
0 0

v

n'g

=Ls
2

nm

EJ}A\L;QDJM\H\J‘@.\AB}
fZ . N
X) =, [— SIn(— X), n=123,---
v, (X) L (L )

15



(Error Function) Uail) 43)a _3
A8y o pat g SN (e 1 g -y smSle a5 50 Liiasl 3 ie Ll A1l padins

q
erf(q) = %je ‘qqu
0

el Alal ) (s ) Jsaallyy

g erf(q) g erf(q)
0 0 1.2 0.9103
0.4 0.4284 1.6 0.9763
0.8 0.7421 2.0 0.9953
1.0 0.8427 2.2 0.9981

L ad) el el atie yuy 16V 5 v e yudl G seana Sl cliy jall axe aal 1 JUa

IS iy 16 v s Vo Le e udd) L 3 iy 3a) 2ae <Al

1.6v

Nv»l.Gv = J. f(vx)dvx

;‘?J\:JLS ayas f (Vx) Ola i g9 — (b guSla &l Eus

N m 1/2
f(V ): e—mﬁ'vi/Z
o Jr \2kT
sl aladiuly
x:ﬁ = dv, =vdx,
V s
o) i e
N 18 i o 16 i 9 1 i
Nv—>16v _ﬂ_.l[e dX=—|:—7Z_ e dx—ﬁ.([e dx

16
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(Dirac Delta Function S(x)) & gal tila s 4

- Arca |
8(x -a)

X
Syt il D

. (Impulse function) sas alla Loagl s Ly 55 ant g8 13gd s claalyy adde (o jlatiall Jiaally Al Casl 038

0, X #a

o(x —a)= , 0
0, X =a

(a5 23 () A pal 520 1

Té(x —a)dx =1 2)

el Gl @L’iuu (2) Aaladll (g g

jf (x)s(x —a)dx =f (a) ©)

La Mﬁl«g&'_&m}d)si VI 51 ) s Lila Al 225
Aalgdl pal il an

&  5(—x)=0(x) it is an even function 4aa 5y 4l
& o*(X)=0(x) itisareal function

“ j5(X —Xp)dx =1 Itis normalized 3 jixsall 44a

- Tf (X)3(x )dx = (0)
= (x)5(x —a)=F (Q)5(x —a)

- 5(ax)=ﬁ5(x)

d?|x
dx|2|:25(x)

17



4 80 celdiaay) QM\&A&SQ;A;J.QJJSEJ&EGEMLAQ elh".uhs&J}A Q da aa gf Ay g ) Ql,f.'a\.\;‘g\gé :dt\-ﬁ

Bty s 0 (1,0, 9)
o(r,0,¢) = Q 5(r—R)

A7rR?

alilay) 8 cliadl 480 o swi.b Bk Ciuai Al ghal g o A aliiia a6 g1 i) gl cillaay) A& -2
[ABally i O(S, @, Z) 4 ghay)

o(S,¢,2) = Ziﬁbé(r—b)

Al LRl il (e (3an 3 e ) g
cd}\ﬁjjmgh&)@b\hﬁ\.é‘(x_a) GA}M\&M\MM@A}U\@*&J&\}JM%M
A g gl andi () cang

3
a—J.x35(l+ x)dx=0
0

Answer: s@1+x) has infinite value at x = -1, and this value outside the range {0,3}.
{0,3} BB d-ALSﬂ‘ Q gaa CJLA Mgﬁj‘} ¢x=-1 ui ‘3_1’.3 (]_+ X) ad)all

2
b— [ (2x+3)5(3x)dx =1,
-2
Answer: we have to change the variable y = 3%, so dy = 3 dx, then

j(2x+3)5(3x)dx= i(2%+3)5(y)%dy, now s(y) will be infinite at y=0 and it is in the range {-

1,¥ -
6,6}, so 25+ =1

y=0

Ly =3x sl §(y) ) Jsat o sy s(3%) Al
1
c—J‘x25(3x+1)dx=i
° 27
Answer: we have to change the variable y = 3x + 1, so dy = 3 dx, then
Ix2§(3x+1)dx=j(yT_1)5(y)%dy, now s(y) will be infinite at y=0 and it is in the range {-2,4}, so

1

1 vy-1
- (y_)2 -
33 y=0 27

y=3x Uasaill sy +1) ) dad o sy 5@x+ 1Al

18
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Chapter 2
3 gaad) 5408 1 At A
(Hermite Polynomials H , (x))
Differential equation "< " Al Ll Aalall

2
I o a0 o0H, () =0 ®
dx dx
Rodrigues' Definition 2,250 <25
Hn(X):(_l)neX2 d . (efxz); n :0’1,2’3'... (2)
dx

H, (=) = (=1)"H,(x) 3)

Generating function 3 4l

2 0 tn

e—t +2xt — H X ¢ <1 4
2 g ) q @)
Recurrence relations 4! S5 Gl

. dH
H,=—"=2nH_,

dx

dH,

(5) F: 2xH,—-H,

H,,=2xH, -2nH,
Orthogonality relation el 483

[e™™H, ()H, ()dx =2'n 78, =z 2'T(n +1)8,, 6)

(33330) Ay 8 e JalSil) Aad Jany (53) j‘(weight factor) 5 dele oy @ 32 35 Ut 1anY

Al (land J gan

n|HX)|n H_ (x)

0 1 3 8x ® —12x

1 2X 4| 16x*—48x*+12
2 | 4x?—1| 5 | 32x® —160x * +120x

IS e Al AV (Aadaitial) g Alaiall) O sall Jitad oSy 1) gal) Jfiad
AL Haiad Al AW Lk Ko F(X) DA G (2 g

19



F(X)= > cyHn(X)
n=0

pladin g e JalSill el jalg e H o (x) ANl Al A8all 3 yla o juay ;‘;\1\ & Cpy S lalaall a2
o)) aad adladll A8de
[ FOOHn (e dx= 3 ¢ [ e Hp(OH, (dx =c 2"z

—0 n=0

\ ZANINE .
1 2
c f X)Hp (x)e™

A glag AL

(e s Aalae il (4) 3l gl AdJAl) alasiidy o] JUie
:\JJ\&AHJ e :dﬂ\

2 0 tn
,t :e—t +2xt — H
g(x1) ;F(nﬂ) 2 (X)

Gl domni bl Jomtial

nl

9
ag(m‘,t) = (—2t+21)e_’2+2" = Z H,(x )n
- n=0

Expand the terms, and put the generating function in again:

n+1 tn
-2 Z H”(.L) + 2z Z Hn(.z)— Z Hy(x)

n=0 n=0 n=1 ( _1)|

f” 1

Relabel:

n n
= Z nH,_ 1(L)—+21 Z Hn(2)— = Z Hpy1(2)—
n=1 n=0 ! n=0

Equating coefficients of #":

= Hy41(z) = 2zHp(z) — 2nHy_1(z) (2 1)

20
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dH

H = ; D =2nH, ; of bl (4) 82 sl Alall alasiinly 2 Jla
X
:\JJ\AAH_I e :dﬂ\
: =t
,t —pt+2xt _ H
gD =e =3 H ()

e o X dpully sl

ig(’L t) D e—l,2+2t:1_' - f: H' (x)ﬁ
g~ - n—0 PX ]

Stick in g:
n+1 oo
2 Z Hn(T) Z H (l)
n=0 n=1
Relabel:
2 Z Hn1 (@), _1), = nzl Hy(x )
Equating coefficients of #":
= H!(x) = 2nH,_1(x) (n>1)
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Series Solutions: Hermite's Equation

Hermite's Equation of order k has the form

y"-2ty '+2ky =0

where k is usually a non-negative integer.

We know from the previous section that this equation will have series solutions which both converge and solve
the Differential equation everywhere.

Hermite's Equation is our first example of a differential equation, which has a polynomial solution. As usual,
the generic form of a power series is

yO=Yal"

We have to determine the right choice for the coefficients (an).
As in other techniques for solving differential equations, once we have a "guess" for the solutions, we plug it
into the differential equation. Recall that

yl(t) — Eﬂﬂ“tn_l,
n=1
and

s =}
y'(t) =" n(n—1)a,t"2
n=2
Plugging this information into the Differential equation we obtain:
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oo

Y n(n —1)a,t""? — 2t i na "' 4 2k i a,i" =0,
n=1 n=(0

n=2

or after rewriting slightly:

[s =] a0 [s =]

Y n(n— Dant" 2% — Y 2nant” 4+ 2ka,t" = 0.
n=2 n=1 n=0

Next we shift the first summation up by two units:

(s =] (s =] (s =]
Y (n+2)(n+1)ansat™ — Y 2na, " + ) 2ka,t" =0.
n=i n=1 n=0
Before we can combine the terms into one sum, we have to overcome another slight obstacle: the second
summation starts at n=1, while the other two start at n=0.

2-0- iy - ‘tﬂ =10
Evaluate the Oth term for the second sum: . Consequently, we do not change the value of
the second summation, if we start at n=0 instead of n=1:

a0 a0
Z Qna,t" = Z 2na,t".
n=1 n=il

Thus we can combine all three sums as follows:
[s =]

> ( (n+2)(n+1)ayy9 — 2na, + 2ka, ) " =

=l
Therefore our recurrence relations become:

(n+2){(n+1)apss — 2na, + 2ka, =0 for all n =0,1,2,3,. ..
After simplification, this becomes
2(n — k)

=(n+2)(n+l)ﬂ“ for alln=10,1,2.3,...

Qn 42

Let us look at the special case, where k = 5, and the initial conditions are given as:
y(0) =ao =0, y(0) =a, =1 o .

. In this case, all even coefficients will be equal to zero, since ag=0 and
each coefficient is a multiple of its second predecessor.

ﬂ-ﬂ =ﬂ,2 =ﬂ,4 =ﬂ-ﬁ =___=0_
What about the odd coefficients? a;=1, consequently
e — 2(1-15) 4
1Ty W
and
2(3-5) 1 4 4
=15 =33 =5
What about a7:
2(5 — 5)
- — = 0_
6-7 °

Since a7=0, all odd coefficients from now on will be equal to zero, since each coefficient is a multiple of its
second predecessor.
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ar =ag=a;; =a;3=...=0.
Consequently, the solution has only 3 non-zero coefficients, and hence is a polynomial. This polynomial
4 4
Hy(t) =t — ' + —1°
s(?) 3 15
(or a multiple of this polynomial) is called the Hermit Polynomial of order 5.
It turns out that the Hermite Equation of positive integer order k always has a polynomial solution of order k.

We can even be more precise: If k is odd, the initial value problem 8 =0, & =1will have a polynomial

solution, while for k even, the initial value problem @, = 1, & =Owill have a polynomial solution.
Exercise 1:
Find the Hermit Polynomials of order 1 and 3.

Answer.
Recall that the recurrence relations are given by

2(n — k)
_(n+2)(n+1)a" for all n =10,1,2,3,. ..
We have to evaluate these coefficients for k=1 and k=3, with initial conditions ao=0, a:=1.
When k=1,

2(1-1)
2.3
Consequently all odd coefficients other than a; will be zero. Since ao=0, all even coefficients will be zero, too.
Thus

IRE)

fly iy = 0.

Hy(t)=t.

When k=3,
—2(1_3)3 _ 2
T 2.3 ' ¥

and

2(3-3
iy = {4.5)ﬂ;g=0.

Consequently all odd coefficients other than a: and as will be zero. Since ao=0, all even coefficients will be
zero, too. Thus

)
Hy(t)=1t— gﬁ.

Exercise 2:

Find the Hermit Polynomials of order 2, 4 and 6.
Answer.

Recall that the recurrence relations are given by

_ 2n—k)
T+ )Em+) ™

We have to evaluate these coefficients for k=2, k=4 and k=6, with initial conditions ag=1, a1=0.
When k=2,

2(0 -2
iy = {1'2 )ﬂ.n =—2.,

for alln=0,1,2,3,...

(il 42

while
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2(2 - 2)
“=T3
Consequently all even coefficients other than az will be zero. Since a1=0, all odd coefficients will be zero, too.
Thus

iy ={.

Ha(t) = 1-2t2,

When k=4,

iy = 2(2 __24) ag = —4,

= ()
ag = %m =0.

Consequently all even coefficients other than a2 and a4 will be zero. Since a;=0, all odd coefficients will be
zero, too. Thus

Hy(t) =1—4f + %t“.

You can check that

He(t) =1—6 + 41" — %xﬁ.
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Chapter 3
3 gaal) 508 11 jaia gt 414y
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Sr>a or Adlae die dgall aa gl U JSEIL LS 5eSI dadll AU 5 e qual g
(S ale JSG agall Gaxidie 3 7 ) gaall o dilia B3k e @l g agall Cluad Al (5530 43y Hha 2 5 1 dad)

First of all, for a point on the z- axis, z > a , the potential is

q | |
®(z) = —
) dmeq {I;—a| :+a]

o [+ G+ (- )]

- -

- O
2mepz |\ 2 " \z '
B,

Comparing this with the general expansion © = Z r”” C039 at 6 =0 we can identify the
n=0

B, and write

d(r,0) = —2 {(%)Pﬂcos@)%—(g) Py(cosf) + ]

2megr r
ga cosé
D(r,0)— — as a—0
2rg, I

for r>a. For r<a we can just swap a and r in this equation.
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On the z axis, the potential is

B(z) = q[—3+1+1‘

dmeg | 2z |z—al z+a

- e (O @) (- @+ @)

a2 a\4
- @]
2megz |\ 2 z

This result we can immediately infer the expression for the potential at all points:

» - q _(’ ‘2 [y g —hi —(I l 9 N —n—I - . s
dO(r,0) = Tricr [(’) Ps(cos @) 4 (’) Py(cos@) 4 J
— __(1(12 )‘) . . { a 2 (e S i
= Sreard [[_((0.\0)-—. (—r) Pi(cos @) = ]

— -LPQ((‘OSQ) as a—0

Qmeor3
A(r<R) 880 Jah Alugsl sgal) aagl . R Wkl Ciual ddgae 88 gl o V((0) 32l ot a1l
tJSAl VAV = 0 0y dalaal alad) Jad) aladio g Uil cAdlucall 03¢d (59,80 Jilaall las @ Jad)
V(r,0) = i(Agrf + rBffl ng (cos6)

£=0
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Chapter 4
4 9 <) A ad) git) A1)

(Spherical Harmonic FunctionY, (0,¢)=Y,"(0,9) )
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Differential equation 4l dataal)
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12 (Y(0,4)| L, |V, (0,9)) Manssial) Ll canial 1 Jlia
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= [7singdo[ Y} (6,4) [—|(cos¢£—cotesm ¢8_¢)]Yl (0,4)dgp =27

<|_> (Ba 1) Al el alazid 1 Il Gl ciilgall 45 ) pomy Jal€3l) Cloa annall ga ;Adiadla
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w(X,Y,z) =C(Xy+yz+2x)e "
GO gl andiu) s dad)
,Z =rcosd, Xx =rsinfdcosep Yy =rsingsing
RS
Xy +Yz +2x =r?sin® @cos gsin o+ r?sin 6cos gsin g+ r?sin® 6.cos ¢ cos g,
Al Sy gl
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4 2i 15+ #2227
. i 1 ., i 4 _r2 8z
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. 1., i S o 8z
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r2 87 |1 1 ar?
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Figure B.1: Plots of the real-valued spherical harmonic basis functions. Green indicates positive values and
red indicates negative values,
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Spherical Coordinate system
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7 =0 4y ké Ui (Radial equation ) (i)
2
ég Y =0 (Azimuthal equation) (ii)
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(@]@)=T(ce™) (cé™)ap=1 = c=—
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0 2
A g sl alaiiy Ledaass Sy (i) Al 111
pu=cos6, ue[-11]
with Azimuthal symmetry m = 0, and using the definition xz =c0s &, to prove that:

4 sined -, 4,

do du du
1 d (. d . d? d d . d
L9 fGned |- EPPENLE R
siane(sm dej )7 2 4 dy(( ”)dﬂj

This implies that the function P satisfies the equation

d dP

—((l—uz)Mj = (¢ +D)P, (1)
du du

(We now have P, since for every ¢ we will have a different function.). The last equation is the Legendre

equation, and its solutions are the Legendre polynomials P, (x=coséd).
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L -

(1 t)k+l Zt J (X)

f=—0

Recurrence relations ) )Sill G@adl (e (yazs
2n
‘]z+1(x)=7‘]z(x)_‘]z—1(x);

d 1
&Jz(x ) =E{‘]z-1(x)_‘]f+1(x )}

55



il pand Jsaa

g ‘]g(x) J—Z(X)
1 2 2
2 — sinx — CosX
3 2 {sinx } f2 [cosx . }
2 — | ——-—c0osX — +sinx
zx | X X | X
2 [ e Feon | o {afome Fom
2 | «/— 1| =z ~1|sinx ——cosx —1|cosx +—5|nx
x|\ x X X
Definition of the second kind (=& g sl iy a3
P 1 C P i P9 DV PR W Y/ E N R\ g Pt b [t
1
N, (x) =Y,(X) = J,(x)cos(fz)—J_,(X
((X)=Y,(X) = n(m)[ ((x)cos(fz) = J_,(x)]
1 X ] 14 (f—k+1)!(x)“k
=—|2In=+2y->» = |J,(X)—— ) ——=| —
7Z|: 2 ygk} =2 3

k
1 N —_—
T\ 1(k+£)|k| r=1

(-D)"

N_, (x) = (=D)"N,(x);

Al any s "Ll i 58y el Jeal) ddl de oo el el

JufX)
1 defX)

0.6 »;’J(x

04

1-

XAy +xy' + (3x% —

y =0.5772156649 = —y (1);

Bessel Functions of the 1st Kind

.) di(x)

A )

y(x)=C

2)y =0. Ans

y(2)=

Yalx)
‘ Yo(x)

£+2k
X
)

£=0,12,---

din F(z)

Bessel Functions of the 2nd Kind

Y4 Yofx) v, (x) Yax)

3 N ¥ N T g Na

() it ).

2- The Airy differential equation known in astronomy and physics has the form:

Y-z =0
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It can be also reduced to the Bessel equation. Its solution is given by the Bessel functions of the fractional order

1
ié,
y(x) = CfxJ 2 + O nfxd 2. %
A& S A |
Al Cilagenl
H® =J,(x)+iN,(x)

HE(Z):Jg(X)_iNe(X) ‘

(Spherical Bessel Functions j,(x ), n,(x)) &g 8h " Jawn" J) 52

Asadl e Jumnins (3) = Y(0)/ VX sl aid 51 (£=0,1,2,+) N= 47 iy s Aok
;2\,31@1&33\

2
d Z +g£+[l_f(5+1)}f( =0
dx® xdx X
158 Led alad) dadl 5 A 5 SU oy Aldlaa s
f(x)=Aj,(x)+B,n,(x),

e X=Kr 5 cagall alaail Als 8 jain gl Alaleay Agaed 4 5 S Joean Aol Al Cul 8 B, 5 A, dus
RUEPAVIRRP TN QLI

SIS A 5 HSI Qo J) g3 oy

i) = ( (9= (dej (S'“Xj

S 4y 5 81 Gla s I sa a i

n, (x) = \F .00 =~(' (dej [Cosxj

il pand Jsaa
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4 J.(x) n,(x)

0 | sinx _ COsX
X X

1| sinx _ COSX _ cosX _sinx
X 2 X X 2 X

2 3 1). 3 3 1 3 .
— —— |SINX ——5C0SX | —| —5 —— [COSX ——SinX
X° X X X° X X

X =505 X =00 Laie ol o L)

Ll J,(x) n,(x)
X >0 X’ (2%—1)!!
(2¢+1)N x
X = 1sin[x —fﬁj —lcos(x —zéj
X 2 X 2

(20+1)1=(2¢+1)(2¢~1)(20~3)---4-3-1 Caa

ALl At ol g7 (1) 5 i (F) ol e sl JS5)

Jr(x) __ AN\
; \

IS 2y 5 SN IS ) go Ll oyt

hz(l) = j,z(x)+in[(x)
h4(2) = jé(x)_iné(x)
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iﬁjﬁmw‘ 3 9!

Ol LsE Y v(r) <l 1Y (Spherically symmetric) LS Al Wil vy el Al e J
Dbaie Al Bl S e (g r=\/m Al e dagd aqiad v(r) (W 13¢ds ¢ (Rotationally invariant)
Ge 3 (Shell 348) 43S 50 &S 7 sl (e (588 ¢l (B 4 sluiall mhaaa) Glé a3 e ilaa ) Jual a8
(2 Sl agall &l jaaa s || = constant AREN Adlually S )
((Al) dda gine oSS Al | A ladl AS alldps o) -
Al 45 38 all 3 8l iy a3 aadatiniaie -2
r ov

F=—-VW(H)=——
) r or

A 38 el (558l Al (Japes) JIaa) -
1 IS a3 by i silegl) O a3 43S 58 8 e (3 Sy gy 4GS s
2
H=T+V =P—+V(r)
2u
i) Jas (e A laall A8 jall a8 Gl e e Jalill ddia 4l

[A.C]=[A.2]=[A.L]=0

O dus
[2.C ]=o0
JSAL Q) llaay) b Allal) Copes Liged 38 Jida 8 jpae A1 (gl omms H o5 [ ¢ 2 il jigall ol ll
;‘._.,,JUS\

Y(r)=R(@r),,(0.9)
izl (Um0l 80 aal ) s 3 Adas ol ani gl g

2 "2
—h—izg(r2£j+ L —+V (r) [Y=EY¥
21 r°or or) 2ur
Il Ay yhadl) Adalal) 3205
2 2
_h_iﬁ(er}MW (r) [R(r) =ER(r)
or 2ur

g5 S Y1 G (OedlY o) V2 pall Sl il sl s ALl Al
) m gail) ansis of Ll 253l (e

u(r)=rR(r)
4y hadl) Aaleall (835 y(r) of sl

+V (r)}u =Eu

_h_262u+ (1 +1)
2 0r° 2ur?
(JSAIL Sigall agal) cay 2t A COBEAY) aa aad sl aaall DI pada gl Adlas e dapall A dUaie 4
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V., (1) =V (r)+ 4D

2alllia sebas . (Centrifugal potential) (s 3-S el 2 ldall agall o 7’2|(' D) gl lay aal)
ur’

or okl Caal g 30 laa A ety ¢ gy Al aniald s JEIS dpadal) IK1Saal) (galie (e dngd Sy 2gally ALY
Al o a8 il Aad (1 JSAIL L) g AN ke i 458 e 35k 58 Aude Lan

2 2
Fopul=t
roour
L!
¥ 2}&?1“
o
G e (Al s - @Sl 3l sl (1) Jsa

L2

) V(=g AL 2l Gapmas gl laall 4l AS all Ay | = pur e G
yr,

A1 +D)A o5 W68 el Ay 12 e Granmiont ) g oS 1S3lSe (a5 il Lasis (F, —‘(Z_\:uy

Jall 4 sllaall 450 gasll da g il 8 can) gl dadl DY jaia gl Aalae ae Alad) Aabeall (Gilad (4 ?::)J\ e
L@_\\ Lg\ u(O) 0 LSJ}JAJ\-L)-HJ‘I—LQ caA.Iu\ L_ta.\EuSLA\)“ dsuﬁadméd\ﬂ\ UJS.J} ‘\.JA}A r L_ua LALA.!‘\&LA.A
; (Al Sy die adads
) 555 ) Al (46 [ 0 o (pind s 5 -yl Al 3
K o
——2+[E -V (r)]u =0
241 Or
1 A apea) AS 2
Al (Bia al) anead) AS o 2adl K2 = 24E /72 5V (1) =0 el aai Ledie

{dz 2.d |(|+1)+k2}R|(k1r):0

dr? rdr r

p=kr &l piall aladsiul

{d ,24d e I(IH))}Rl(p):O
dp* pdp p

5 alall Lela 5 iy 5 SO Aolaliil] oy Aolaa 4 5
R(p)=Aj(p)+Bn,(p)
A oSl Gl Alla oo n, 54 S Jun Al a i A )lasl Gl S B 5 A s
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.C0S 0 wial dilise 2l P, (oS O) Ul 5 X el n ¢ i (X) Ol e s ) J 52l

| P (cos6) j; () n,
0 1 sin x _COSX
X X
1 cosd sinx _ cosXx _cosx _sinx
X2 X X2 X

1 -
2 | 2(1+3cos20) (%_E)sinx_%c’fx —(%—EJCOSX—SSISX

4 X X X X X X

(o UL B =0 aams s (finite and regular) el 3 san s Lalitia (4 o o cany Sl die Jall o) G
R (k,r)=Cj, (kr)

v £ 2 s
Bk 00,00} s2all b Am pall ol gon 336 E = T 2 il o an 1A i ga i 8 K 5 0mall ol o) G
: 2 :

2 i1 i - . .
(E = ;l—k 248l y p=rk S all iS55 pall avuall ol el Wil ) 85 | (continuous spectrum) i —aday
U
15 S A o Cyn s, €57
We 1w (1.0,0)=Cj, (kr)Y . (6,9)

(JSAIL il o147 4 siasall Ax sall gl ) gl Liild ALlS Al o oS
_ © | _
elk-" = Z Z Clm (k)JI (kr)Y Im (9’¢)
1=0 m=-I
Ol ok Andall slaily 7 eaall U jlialy

2, e i g A ALiSeS (S

eil(.r :eikz —e

2adw =005 o il pldiul | gl e aaiai Y g

er =gt =3 (21 1)l (k)P (W) = IZ i, (k)Y (K)Y;., (F)

1=0 m=-1

ikr cos@

[] iZi'(2I+1)sin(kr—|?7T)F>,(w)

r-o  kr I

*

up, (c)ug(x)der = gy orthonormality

Z up, (z")u(z) =9 (i — ') completeness
k

@y\&wbuﬁjcda\.aﬂ\tg}JSggJPJ.ud;bc(l :O) U&\gcﬁu;xﬁu.n)d\ :dl:m
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o, for r>a
Aalall 3 ) guall Al 22l 5 0<r <@ el (e 4y g sl & ey s dad)
an,I,m(r’ 91 (0) = R(r)YI,m(e’ (0)
= [A Jji(kr)+Bn, (kr)]YI,m(el 1)
u\L"_L::;}(r:O)ﬁﬂ\mBJmU\ﬂ\u\m‘Md}}J B &"_\.Jm\uﬁjegq‘)\,}.\;\uq\y B} A C'_\_);
AV (@) =00 Ol mar caclii ;¥ aa ¥ Jalall 5 € ezl 15 r>a sl die Salall 31 il gbaivg Y sl
1O i 4da g o 1 2> @ ) vie (Liall J559) 583 O cang Al

V(r)={0’ for r<a

j,(ka)=0
re ) Jsaadl skl ¢ Lea sl g ol 5 KU Qs A1a ) g3 Badeia ] (38aii 3 A Aaladll
sl 1=0] I=1] 1=2] 1=3

1 314 | 4493 | 5.763 | 6.99
2 6.28 | 7.725 | 9.09 | 10.42
3 9.43 | 10.90 | 12.32 | 13.70

e :h_zkz_h_z(@jz

Adoleally (38 A8UAY ) aa Lgia g

"“om 2ml a

ASY) Al o a5 ¢Band) dana Jilaill (55 S (s i JAI apes AS e el 1l

-V_, for r<a
V(r)=+ °
0, for r>a
;o ax L ) Al aladidy sl
2 2
Uy (u=Eu,  r<a
2u or
2 2
PR s
21 Or
5 graalls daa 5 Sy alall Jall o 203 8L Wil 50 (e g
i _ 2u(V,—|E)
u,, (r)=Asin(k, r)+B cos(k,r), k,=|-—— r<a

h

_ 2ulE
u,, (r)=Ce ™", kout:,/ ”hlz | r>a

(e (38aT ‘_,_“d\ ¢ (bound-state energy levels) :\_ia.\.a)d\ QLJM\ <l &LI‘J‘JAS‘ aal, FECRETREMPNTY I NGITEN
.B=0 ki y (0)=0 sl byilly E <0 bl
rgasaall Iyl o asid =g aall PO dliaie 0 oS5 o ang Wil g Al () G g
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(duin (r)j (duout (r)j
dr _ dr

uin (r) uout (r)

r=a r=a

Alalall Uiglany
kin cot kin = _kout
Ml Jlarinad 5 g lasall 5_paY) Alslaall o paiay g

g = ak 77 = akout

in?

el ) Jucad

2N,
geoté =7, nz+§2=—§z°az

242
sy eVoal > Z—h ol (38513 W) Ol lae aa g W ) il s ) ey Ecot & = —p Al ) 130 ol
7

242 242
T°h <V0a2 p Or‘h
8u 8u

¢

s b e 0l 5 (6 sl

AV A8l o jay s (il 59 S s Sz R aren A8 a a1l

0, for r<a
V(r)=
o, for r>a

:EJ;..A\&V(r)IOcSﬂ\GJ&ﬁJJﬂ%ﬂ\MJM\.J';‘U} r>a aM\QA@%ﬁM\«ﬂ)ﬁ.—zzdﬂ\

{_h_zii(rzijf‘z'LﬂW (r)}R(r)=ER(r)
or 2ur

IS A 5 KU lglan ) o A 5 KU G Alabaad 43810 4lalii Adlaa o 5

2
d Rz(zp)+£de(p)+ 1_6(6';1) RE(,O):O, p:kr’ kZZZﬂE/hZ
dp p dp p

15h alall Ll
Rz (p) =a, jf (,0) + bﬂh (,0)

raailild V(@) =ooaalldagm R () =0, :sasaall bl aas

' j,(ka
a,],(ka)+bn,(ka)=0 = tang, = rJf Eka;
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Al all s Helila @, =A, C0S0,, b, =—A,SING, Lwaiiul Cua

ka <<l luxe tans, cwal -

‘g\ﬂ\ u yail) PRENIVY
j.(@) || (ka)’,  n,(ka) | ~(ka) "
O il 4da g
tan s, = L (ka) _ —(ka)***
n, (ka)
Al daill & £ =0 Al ALGal S A sall 3 a3 ey £ aB 300 gede s Ji 5, Of Jaadli
tan &, = hka) _
n, (ka)

Al ey il IS o iaeal) adaiall
4 .
Ol = Fsm2 5, = 4ra’

L sall Gl sl aa 5 138 | 72 LSS el JUial g i coiiall SN (o paivall adaiall G (o Ui 2a
-JF\E‘)‘Q&L@AJQM

ka >>1 adladl clddal) yie cuddlll -

jj (ka) o sin(ka—17/2) — _tan(ka—1z/2)
n(ka)  cos(ka—lz/2)
= 6 =—(ka-17z/2)

tano, =—

G =i—ZZ(2I +1)sin? s,
|

o sumall Cilaweadl Chasy Y cidill la Adlall culElall die

b = Impact parameter il b <@ e g il Cilaseall Gy (Kl (b >ac Sl
Of iy hasSie & 51 3 AS 5l BueS ) G5 €38 yall IS
dy el ~ka bl mvb=¢n

ik
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A @
O. =
total 2
k

Z(2£ +1)sin® 5, ~

£ [1-2cos(ka—(7/2)]
Z(Zf +1) >

—fza; (20+1)— i” max(2€+l)cos(ka (712)

£=0

A &= 27
£=0

+1)? ~ 22 2

(1)

2

2
7 ~ 27a

e Ma

el 4 sana B &3 ey Aallu g don s 2 G XY 43l Cus cos(ka—£7/2) = (=1)" el Jlal &5 -1

gmax
BV ashaly Y or=r (¢
£=0

A LK) dadll Conia il )
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1. Gamma function

Definition:
I'(z)=| 2 et z=x+ly , X >0, this integral is convergent for z>0 (1.1)
0
)
-'(1—14 5 5 o b 1 3 § b 5 *
Gamma fl]nction plot
Gamma function of special values
I'(n+1)=n! ifn=0,1,2,. (1.2)

r@)=1  Ir@=1 A T@=2 ,r(%):ﬁ

In fact, many formulas involving n! Can be extended to non-integer cases by replacing n!

WithI"(n+1), and that is why the gamma function is also commonly referred to as the

generalized factorial function.

Gamma function properties

1.Multiplication Formula

1

rQa)=r 2227z + %) (1.3)
1,1
['(3z)=(2x) 32 2F(z+%) (1.4)

67




@n 1 .
r(nz)=(27) 2 n 2F(z+%) (1.5)
2.Recursion formula
I'(z+1)=1zI(2) z>0 (1.6)
I'l—z)=-2I'(-2) 1.7)
_ I'(z+1) _
The relation I'(z) = can be used to extend the gamma function to
the left half plane for all z except when z is a non-positive integer (i.e.,
z#0,-1-2,.... )
3.Reflection Formula:(sometime is called Euler’s reflection formula )
P
rorag-z)= =[—dt 0<z<1 1.8
(@ri-2) sinzz (J)1+t (18)
ré+)rid-z=—= (1.9)
2 2 coszz
_ _1\N
Mz—n)=(-)'T(z)—&=2 - (D7 (1.10)
I'(n+1-z) sinzzl'(n+1-2z2)
4.Additional identities:
T
rorz)=—— (1.112)
zsinrzz
02 nZ
1IZ)l" =——
(i2)} sinh () (1.12)
n
(n+iz)] = |—22— T]s?+722 (1.13)
sinh (7z) ¢=1
Some Fractional Values
_1)Mom 1, 135..2m-1
remedy— 0720 2 s | Tmed) 222G 2 0,
2" 135..2m-1) 2 2
[1] [ 1] 1:4.7 10030 — 2 [1]
T'|=|= 26789385347 ... Tla+-—|= I'|-
3 3 # 3
2.0 8113 -1
T[EI=1.35411?9394... T[n-l—g]: ( )1"[3]
3 3 2N It
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1 1 1-5-9-13---(4)2—3) 1
T'|=|=3622405%3082 ... Ile+—|= I'i-
4 4 e 4
32711154 —1
T[E]=1.225416?DE4... T[H—I—E] = ( & )T[E
4 4 47 4

Derivative at x=1

o0
r'@) = [Inte tdt=-y (1.14)
0
Definition by products
z
@)= lim nin (1.16)
n—ow Z(z+1).....(z+n)
_Z
L ——=ze”*[] [(—Z)e A] , 7 is euler constant. (1.17)
['(z) n=1 N
Other integrals
F(z)cos%zz [t costdt, 0<Rez<1 (1.18)
0
F(z)sm7 = [t? L sintdt, -1<Rez<1 (1.19)
0
Asymptotic expansion (z—w,jargz|< )
2r 1 1 139
'(z)~,|~——z%" [1 + +..] (1.20)
2z 2887° 518402
_ 1
For InT'(z) ~In f ) Ban 1.21
(@) =In(y2 _12n(2n —1) z2n-1 (1-21)
_ 1 1 1 1
~In( |== 27 y2¢ )b —— + + T 1.22
12z 3607 1260z° 1680z’ (1.22)
Where Bn are the Bernoulli numbers. if we let z=n a large positive integer ,
then a useful approximation for n! is given by Stirling’s formula
—nla n,—n
I'(n+)=nl~2znn'e" ,n—>w (1.23)

Logarithmic derivative of the gamma function

Definition: the psi or digamma function denoted W (x) is defined for any non

null or negative integer by the logarithmic derivative of W (x), that is
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‘P(z)—ilnl“(z)——y+ > (———) z#0,-1,-2 (1.24)
n—o N+1 z+n

The above series is slowly converging for any non negative integer z

Special values

1 1 3. . 3 1 P
YD=-y, ¥YE)=—y-2In2, ¥E)=—y--I3-"7, ¥(>)=—y-3In2-=
O=-r Q=7 Q=73 5 Q=7 5

Asymptotic expansion: (z—w,fargz|< )

1

6]
For: W(z)0Inz——-y —20_ BZ”

2z pa2nz?" (1.25)
Dlnz—i— ! + t 1 +
2z 1272 1207* 2527°% (1.26)
Series expansion of gamma function
IN(C(L+2)) =—yz+ z( )5(‘() X |x[<1 (1.27)
INT(1+2)) =—In(l+2) - (y —D)x+ %o) ()" (i(k)_l) x¥,|x|<1 (1.28)
k=2

The gamma function and the Riemann zeta function

0 —1
t (1.29)
72
An example for the last equation x=2 —= ~ . dt (2.30)
6 pe'-1
The gamma function and the beta function
Let R(x) >0 and R(y) >0, then0
F'()r'(y)
B 1 =, < .
(X, Y) (1Y) (1.33)
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2. Hypergeometric functions

Introduction:

Recall the geometric series and binomial expansion (|z| =< 1)

1 2 .on
1l-z)y"=X1z", (2.1)
n=0
a2 (-a ® (a
1-2?%=% [ j(—z)” =2 (@nn (2.2)
n=0\ N n=0 N!
Definition:
Let us start from the Gaussian Hypergeometric differential equation which is
in the form of:
z(l-2)y"+[c—(a+b+1)z]y'—aby =0 (2.3)
Where a,b,and c are constants. The indicial equation of the hypergeometric
differential equation is: r’— @-c)r=0
Which has the roots: =0 andr, =1-c
Using the Frobenius method ,the series solution for i;F =0 can be express as:
Solution:
2
y1(2) =1+a—b£+ a(@+1b(b+1) Z—+ a(@a+l(a+2)b(b+(b+2) 2_3+ (2.4)
c 1 c(c+1) 2! c(c+1(c+2) 3!
This series is called hypergeometric series. The sum of hypergeometric series
denoted by F(a,b;c;z)is called hypergeometric function which is:
F(a,b;c;z) = % @)n®)n ;n (2.5)

n-0 (C)pn!
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abz a@+hbp+) 2> a@+h(@a+2)bbh+(b+2) 23

F(a,b;c;z) =1+ 1
( )= Cc 1! c(c+1) 2! c(c+1(c+2) 3! (E}éj
2
Also we can write : ,F(a,b;c;z) =1+— ab 2 +wz—+ (2.7)
c 1! c(c+1) 2!
rcc) « r(a+n)(b+n)z"
»F(a,b;c;z) = © > @m(b+n) z_ (2.8)
r@ro)n-p I(c+n) nl
The notation ,F, signifies that there are two numerator parameters a and b, and one
denominator parameter ¢. Which has singularities at z=0,1,and
o F Is not the general solution, but it is that solution which behaves like a constant
near the singular point z=0
We can use the power series to find the behaviour of the solution near each of the
singular points
Special cases
F(a,b;c;z)=(1-2)"2 (2.9)
F(12z) :__In(lz— 2 (2.10)
1,3 o 1+z
FE3.2-1, ,
G127)=% (1 z) (2.11)
-1
F(E,]_;E;_Zz) — tan (Z) (212)
2 2 z
113 > sin‘l(z)
F —,—;—;Z — 213
(2 22 ) z (213)
[i.,2
F(E,E;é;_zz):M (214)
222 z
1 . 2
F(E,l;l;sm X) =Sec X (2.15)
1 1.1
F(Z,—=:>:sin? X) = cos X 2.16
(o= (2.16)
F(-p.LL-2)=(1+2)P (2.17)
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Polynomial case:

Polynomial case :for m=0,1,2,3,...

F(-m,b;c;z) = § Mz” = § (—1)”[mj%zn (2.18)
n—0 (C)yn! n=0 n ) (c)n
Properties:
Derivatives
d oy ab a1
—F(a,b;c;z)=—F(a+1b+1c+12) (2.19)
dz c
iF(a,b;c;z)=Mlz(a+n,b+n;c+n;z) (2.20)
dz" Cn
Special values ;when Re (c-a-b)>0:
. _T(©r(c-a-b)

F(a,b;c;1) _—F(c-a)l“(c-b) (2.21)
Integral ; when Rec>Reb>0:

F(ab:c;2) :i}tb—l(l—t)c—b—l(l—tz)—a dt (2.22)

T I'(b)I"(c-b) o '
The last equation shows that a hypergeometric function can be written in
term of gamma function
L - eny = L (€)' (c-a-b)

Forz=1: F(a,b;c;1) —F(c—a)F(c-b) (2.23)
Functional relationships:
F(a,b;c;z)=(1-2)"%F(a,c —b;c;zi_l) (2.24)
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Fabic;z)=(1-2) °F(c-abic; Zi_l) (2.25)
Fabic;z)=(1-2)°*PF(c-ac-bic;2) (2.26)
Differential equation:

2(1-2)F" +[c—(a+b+1)z]F'—abF =0 (2.27)
singular points:

It has a regular singular points z=0,1,c0

Recursion formulae

F is F(a,b;c;z); F(a+), F(a-) are F(a+1,b;c; z), F(a—1,b;c; z), respectivly,etc.

(c—a) F(-a)+(2a—c—az+bz)F +a(z—1)F(a+) =0 (2.28)
c(c-1) (z-1)F(c-)+c[c—1-(2c—a—b-1)z]F +(c—a)(c—b)zF(c+) =0 (2.29)
c[a+(b—c)z]F —ac(l—z)F (a+) +(c—a)(c—b)zF (c+) =0 (2.30)
c(l-2)F —cF(a-)+(c—h)zF(c+) =0 (2.31)
(b—a)F +aF (a+)—bF (b+) =0 (2.32)
(c—a—b)F +a(l—z)F(a+)—(c—b)F (b-) =0 (2.33)
(c—a-1)F +aF(a+)—-(c-1)F(c-) =0 (2.34)
(b—a)(1-2)F —(c—a)F(a-) +(c—b)F (b-) =0 (2.35)
[a—1+(b+1-c)z]F +(c—a)F(a-) — (c—1)(1—-2)F(c-) =0 (2.36)
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3. Laguerre polynomials

Symbol: L,(x)

Interval: [0, 0]

The Laguerre polynomials are orthogonal on the interval from 0 to «~ with
respect to the weight function w(x) = eX. Surprisingly, this is sufficient to

determine the polynomials up to a multiplicative factor

for the first kind

Physical Origins:

Separation of variables solution to radial equation for quantum hydrogen

atom.

D e 6D
Differential Equation:

K00+ 0+ (14 =) () =0 3.2)

Solution:
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(x) = e Ln(X)

(3.3)

The standard differential equation:

xy"(X) + (L= Xx)y'(x) +ny(x) =0

(3.4)

Where n is a real number .when n is a non-negative integer, i.e, n=0,1,2,...,

the solutions of Laguuerr’s differential equation are often referred to as :

Laguerre polynomials L, (X):

XLp (X) + (1 — X)L (X) +nL,(x) =0

(3.5)

Solution

Regular: the first few Laguerre polynomials are

Lo(x) =1

L1 (x)=1-x

X2
LZ(X) :1—2+?

Ls(X) =%(—x3 +9x% ~18x +6)

m m

°° nix
b ()= méo(_l) (n—m)!m!m!

(3.6)

When ordered from smallest to largest powers and with the denominators factored
out, the triangle of nonzero coefficients is 1; -1, 1; 2, -4, 1; -6, 18, -9 1; 24, -96, ....
The leading denominators are 1, -1, 2, -6, 24, -120, 720, -5040, 40320, -362880,
3628800,

The first 6 Laguerre polynomials
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Laguerre Palynomials

Asymptotic expansion

At x=0, L(x)=1-nx+.. (3.7)
n
At x=o0 Ln(x):%(x”—nzx”_l+..) (3.8)
Generating function
e 1 13 3
=Y Ly(0z2" =1+ (—x+D)z+ (=x2 = 2x+1) 2% + (- =x3+ 2x2 =3x+ 1) Z°..... (3.9)

-7 2 2 6 2
Recurrence Relations
A Laguerre Polynomial at one point can be expressed in terms of
neighbouring Laguerre Polynomials at the same point
Differential: xLp,(x) = nL,(x) —nLy_1(X) (3.10)
Ln (X) = Lh 1 (¥) — Ln—1(X) (3.11)
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Polynomial: (n+1)L;,,4(x) = (2n+1— X)L (X) —nLy_1(X) (3.12)
Orthogonality and Normalization
Laguerre Polynomials L,(x),n=0,12,... , form a complete orthogonal set on
the interval U < * < @ with respect to the weighting function ,w(x) = e, It can
be shown that:
o0 _ 0 m=n
f e L, (3) Ly ( K)do= (3.13)
a 1 m=n
L,(0) =1 (3.14)
| e_Xl-m (X)Lp (x) dx = S (3.15)
0
By using this orthogonality, a piecewise continuous function f(x)can be
expressed in terms of Laguerre Polynomials:
oo Fix where (%) 13 continuous
Cplyix) = - + 3.16
nz=:ljl ; f };—f(x ) at discontinuous points ( )
c =fmé'_xf(xjﬁn{x}cfx (3.17)
0
This orthogonal series expansion is also known as a Fourier-Laguerre Series
expansion or a Generalized Fourier Series expansion.
Rodrigues Formula
The Laguerre Polynomials L, (x) can be expressed by Rodrigues' formula:
eX(d\"
Ly (X)= —(—] x"e™® wheren=0,12,... (3.18)
n!\ dx
Special results
X
[Ly(®) dt =Ly () — Lya (%) (3.19)

0
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[ xPe™L,(x) dx =

0 ifp<n
) {(—1)”(n!)2 it p=n (5:20)
n n-1 1\ N2
L”(X):(_l)n{%_ur(nr:_l)ﬁn(zng(nlzxz)! —...+(—1)”} (3.21)
Schlaefli-type Integral Representations
e* 2e™?
L, (x) = o jc(x) @ —x)n+1 dz (3.22)

The Laguerre polynomial L,(x)can be defined by the contour integral

e /-7
(1_ Z)Zn+l

1
Ln(X) = o fc(o)

(3.23)
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4. Associated Laguerre

Physical Origins

Separation of variables solution to radial equation for quantum hydrogen atom. The

normalized wave function for a hydrogenic atom with charge Z is,

3 —Zr |
—1-1)! i
‘Pn.m(r,e,¢)=\/[ ﬁjo] e [ e, [%)Y.m(e,@ @.1)

With the Bohr radius defined by a :hz/(MeZ)and M being the mass of the

Electron. The radial function is the Associated Laguerre polynomial L'F,(x)

2 ze’ 4.2
-—V \Pnlm __\Pnlm = En\PnIm ( : )

And Ep=-2—" " (4.3)

Differential Equation

With ¥ =R(r)Y, (6,4) and p=ar,a’=-8ME/#* and A =(2MZe?) /[(ah®)

Then defining y(p)=R(p/ @)

the radial differential equation becomes

1 d 2dy(p) A 1 1(1+) 3

?E(P WJJ{;_Z_ p2 Jﬂ((p)—o (4.4)
Standard form

xy"(X)+(K+1-x)y'(xX)+(n+Kk)y(x) =0 (4.5)
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XL () + (k +1= LK () + (n+ k) LK (x) =0 (4.6)
Self-Adjoint Form
With pg(x) =X e™, py(x) = (k +1= X)X e X, po(X) =0, 4 =n+k, w(x) = x“e ¥
i(xkﬂe_xiLk(x)j+(n+k)xke_XL (x)=0 (4.7)
dx dx " " '
Interval: x € (0,). regular singular point at x=0.. Irregular singular point at
X —> 0.
Solution
Regular
L(x) =1 (4.8)
LK (x) = —x+k+1 (4.9)
L'é(x)=x—22—(k+2)x+w,.. (4.10)
4 K
L0 =[] Lauk9 (4.1
dx
Ko D om (n+k)IXT
L“(X)_mzo( D (n—m)!(m+k)!m! (4.12)
Asymptotic expansion
B kooy_ (DK N
At x=0. Ly(x)= vy (l k+1x+"'] (4.13)
At X —> o0 Lﬁ(x)z(_r]il)n(x”—(n+k)(n—1)x“_1+...) (4.14)

Irregular solution diverges at the origin physically irrelevant.
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Generating function

—xz/(1-2) 0

(5]
Y 419
Recurrence relations
Differential : xL (x) = nLX (x) = (n+ k)X _y(x) (4.16)
Polynomial: (n+1)LK 1(x) = @n+k +1-x)LX () = (n+K)LX _1() (4.17)
Orthogonality and normalization
Lk 0y = (M) (4.18)
nlk!
Ofx"e—XL':n LK ()dx = 5 w (4.19)
o H
Rodrigue’s formula
X, —k n k
LK (x)=2 ;‘! [%j xKNg = =gkx Ly (X) (4.20)
Schlaefli-type integral representations
1 —xzl1-z
Llr(] (X) = 27“ '[C(O) (1_ez)k+1zn+l dZ (421)
X, —k n+k .—z
LK) =X 2 ° 4 (4.22)

2ni 0 (i
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5. Legendre function

Physical Origins

Separation of variables of Laplace, Schrodinger, Helmholtz and Diffusion equations in

spherical coordinates with azimuthal symmetry

an‘x)

)

-1

for the first kind

for the second kind
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Differential Equation

1 d(_. ,dR(cosé) _
w@(smHTjH(l+1)H(c030)—0 (5.1)

Standard and Self-Adjoint Form

With Py(X) =1-x?, B(X) =—2X, P,(x) =0, A =I1(1+1), w(x) =1

L—x)2R'(X) - 2xR(X) +1(1 +1)R (x) =0 (5.2)

((1— x)2 dﬂ(x)jna +DR(X)=0 (5.3)

Differential equation : Legendre function

(1-Z°)W —2zW +v(v +1)w=0 (5.4)

The solution P,(z),Q,(z) can be given in terms of Gaussian hypergeometric

functions
Definition
A1
P,(2)= F(—v,v+1,§,—§ z) (5.5)
Q. (2)= \/;I;(VJFD F(lv+1,1v+l;v+§;z_2j (5.6)
F(v+§)(22)"+1 2.2 .

Singular points

P, (z) has a singular point at z=-1 and is analytic in the remaining part of the complex plane
with a branch cut along (—,-1).Q,(z) has a singular points at z=+1 and analytic in the

remaining part of the complex z-plane , with a branch cut along (—o0,+1)

Relationships

P,1(2)=R.(2) (5.7)
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P, 1(2)=Q,(z)—zcotvz R, (2) (5.8)
Recursion relationship
(v+DPR,1(2) =(2v+DzR,(2) -vP,4(2) (5.9)
(2v+1)P,(2) =R 1(2)-R1(2) (5.10)
(v+DPB,(2) =P 1(2)—2zR(2) (5.11)
vB,(2) =7R)(2)-R 41(2) (5.12)
(1-2%)P.(2) =vP, 4(2) - vZP,(2) (5.13)
The function Q,(z) satisfies the same relations
Integrals
cosh(v + 1)49
" 2
P,(coshar) == 2 (5.14)
7 g~N2cosha —2cosh @
~(v+1/2)0
SN do (5.15)
7y NJ2cosh o —2cosh 6
17z dy
=] 5.16
7 o (coshx +sinhcosy ) (5.16)
:—T(cosha+sinhacosw)vdw (5.17)
7o
B cos(v+ 1)<9
P, (cosh ) == 2_do (5.18)
7 o \J2C0s 6 —2c0s B
_17 dy
. v+l (5.19)

7 0 (cos B+isin Scosy )
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:l}r(cos,BJrisinﬂcosw)de// (5.20)
o
Lt @t
Q (2)=27V"] 7 dt Rev > -1 [argz|< 7,z ¢[-11] (5.21)
_;|_(Z—'[)VJr
© -v-1
:j{z+\/22 —1cosh¢} d¢ (5.22)
0
B o—(v+LlI2)0
=] dé, z=cosha (5.23)
- \2cosh @ —2cosh a
Polynomial case
Legendre polynomials are special cases when
P (X) = Fyy(—n,n+1 5:- %)
nX)=Fa1-nn+do—2
n :
m (-1)k(2n _2k)! 2k i r if neven (5.24)
k=0 2"k 1(n—k)!(n— 2k)! ’ 1) ifnodd
2
Legendre polynomials satisfy (norm)
1 2
_jl Py (X)By(X) dx = m%‘ (5.25)
Legendre series representation is
o0 on+1 1
f)= 3 AP, Ay =220F TF(x)P(x) dx (5.26)
n=0 -1
For integer order, we distinguish two cases : Q,(x) (defined for x e (-11) and
Qn(z) defined for Rez ¢[-11]
1, 1+x
Qo(x) —Elnm (5.27)
Ql(x)=%x|n1+—X—1 (5.28)
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Qo(z )——I Hi (5.29)
Ql(z)——z nz—+i—1 (5.30)
_ 01 (2k+D[L- ()"
In both cases Qy(y) = Pn(Y)QO(Y)_k:0 (K +D(0—K) R(Y) (5.31)
Legendre polynomials P,(x) and functions Q,(x), x € (—1,1)
N P, (X) Qn(x)
0 1 %In[(1+x)/(1—x)]
1 X R(X)Qp(x) -1
2 %(3x2 1) P> (X)Qp(X) —gx
3 %x(sx2 _3) Py () Qo () —g X2 +§
4 é(35x4 —30x% +3) P (X)Qp(X) —§ X3 +§ X
1 3 49 , 8
5 gx(63x4—70x2+15) P5(X)Q0(x)——x4 - Z_E
Generating function
S P(x)2" = . 5.32
n=0 \/(1 2%z +2°) (5.32)
Rodrigues’ formula
_(=p"d" 2\n
Pr(x) = . d7[(1—x )"] (5.33)
Explicit expression
/2
Py () = LnZJ( —p" ( ](Zn Zm] x"2m (5.34)
on n
Schlaefli integral representation
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AQ) -

2 |
1 -0 4

(5.35)

C(z2) is any closed counter clockwise around z

6.Associated Legendre function
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differential equation

2
(1—22)y”—22y'+{v(v+1)— i 2}y=0 (6.1)
1-z
The solution Q¥ (z),P#(z), the associated Legendre functions can be given in
terms of Gauss hypergeometric functions. We only consider integer values of
u,vand replace them with m, n respectively. Then, the associated differential
equation follows from the Legendre differential equation after it has been
differentiated m times
Relationships between the associated and ordinary
legendre functions
The following relationships are for z e[-1,1]
lm dm
R"(2)=(2"-1)2 ——Py(2) (62)
dz™
( 1) 2 dn+m
P'(2) = (2 -1)2 i ——(z*-1)" (6.3)
()= 0-m R (2) 6.4)
(n+m)t " '
Em dm
QM(2) = (2% -1)2 0@ (6.5)
Q") = En m;,Qn (2) (6.6)
2 —EmZ z
M2)=(z°-1) 2 [....[Py(2)(dz2)" (6.7)
I1ml
GR"(D)= (Y@ D) 2 [ ] QD))" (6.8)
Z m Z
Pha(@=P"@) (6.9)

Orthogonality relationships
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0 ifk=n

1
JRIORT(dx=4 2 (nem)! (6.10)
-1 2n+1(n—m)!
Recursion relationships
Py —2M2_ M) — (n—m+1)(n+m)PML(2) (6.11)
27 -1
(2% —1)% —mzPM(2) + 422 —1 R™(7) (6.12)
n+1)zR"(z) = (n—-m+)P"1(2) + (n+m)RP"(2) (613)
(22—1)%:(n—m+1)Pnr21(z)—(n+1)anm(z) 6.14)
PM (2)-PM1(z) =—(2n+1) /22 -1 R™(2) (6.15)
The functions Q' (z) satisfy the same relations
Rodrigues formula
AM () = (1—72)2 (g)”m (22 1) (6.16)
2'li  \dz
Schlaefli integral representation:
2\m/2 2 |
A™(z) = L2 ) ) 6.17)

ol+my JC(Z) (t— Z)I+m+1

C(z) is any closed counter clockwise around z

7.Bessel function
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Physical Origins

Separation of variables in polar

and similar equations of the form

and cylindrical coordinates for Laplace, Helmholtz

V20(F) + k2D(F) =0 -
Jolx)
1
\‘\
0.8 ‘\.J”M-)
) N S
0.6 sz\y, . Jalx) Jaix
. \ 3(x) l:,i\) Js(x)
0.2 ‘v. f‘//:- b \\\\
¥ e / AN 2 x
R . - NN 10
02 3 y & \\\
N X —
-0.4 \.—;
Yau(x)
06 |- Yo(x)
E Yi(x)
oal Y Vi) Vi) v
02 ;— \\ 7 N
o AR NZRRRS 4 ' i A X
E 3/ 4 5,/\6 NG
D2 \ \ <
: ~
04
06 F
08 f—
1 E
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Differential equation

d2 d
PP ——3,(xp) + p—— 3, (k) + (x*p* —v*)J, (kp) =0
dp dp

(7.2)

Self-adjoint form

With po(p)=p . p1(p) =1, pa(p) =—v?/ p. A =K%, W(p) = p.

2
l(/)iJv(Kp)j+ K2 p—"= 13, (kp) =0
dp\" dp P

(7.3)

Differential equation

zzy”+ zy'+(z2 —vz)y =0

(7.4)

where n is a non-negative real number. The solutions of this equation are called Bessel
Functions of order n. Although the ordern can be any real number. The solutions are denoted

with J,,(z) and Y,,(z) (the ordinary Bessel functions)

Since Bessel's differential equation is a second order ordinary differential equation, two sets
of functions, the Bessel function of the first kind In () and the Bessel function of the second

kind (also known as the Weber Function) T (x) , are needed to form the general solution:

And HY(@), H1?(2) (THE Hankel functions)

(7.5)

Further solutions are

1., ,Y.@ , HY%), 13 )

(7.6)

When :vis an integer, J_,(z) = (—1)”Jn(z),n =0,12,..

(7.7)

Singular points

The Bessel differential equation has a regular singularity at z=0and irregular

singularity atz — o
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Relationships

1 .
HO@)=3,@)+iY, @) (7.8)

2 .
HP @) =13,@)-iv,(2) (7.9)
Newmann function: ifv = 0,+1,+2,...,Y,,(z) = cosvz J;flz) —3-,(2) (7.10)

v
When v =n(integer)then the limit v — nshould be taken in thev wright-hand side of
this equation. complete solutions to Bessel's equation may be written as :
cJ, (2)+cpJ_,,(z) if v isnotan integer (7.11)
cJ, (z)+cyY, (z)  forany value of v (7.12)
olH‘Sl)(z)+c2H£2)(z) for any value of v (7.13)
Series expansion:
For any complex z
n,l_\2n
L e (D"C2)
I(D)=(z2Vy - 2" (7.14)
V(@ (22) nzlol”(n+v+1)n!
B 1. 1 1 .4 1 /1.6
Jo(Z)—l—(EZ) +ﬁ(52) _ﬁ(EZ) + (715)
O PR S 0 v SO PPN S PR N
h(2)=72 {1 12159 T 3G 3G +} (7.16)
(12]_n - . Coy (DK 2>

Y, (z)=§Jn(z)In(%z)- 2 5 (n—k—l).&z)zk_zT 2 (7.17)

S [pk +1) + p(n+k +1)]

T, k2 ki(n+k)!
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Recurrence relationships

Bessel functions of higher order can be expressed by Bessel functions of lower

orders
Cv_1(2)+Cv+1(Z)=%CV(Z) (7.18)
C,1(2)-C, 1(2)=2C},(2) (7.19)
C, (2)= Cv_l(Z)-ECV(Z) (7.20)
C, (2)=-Cra@*~C,(2) (7.22)
Where C,, (z) denoted one of the functions J,,(z), Yy, (2), H‘Sl)(z) , Héz)(z)
Behaviour asz -0
Let v>0 ,then
1 1%
(Z) (7.22)
‘]V(Z) [] 2—
r'iv+1)
Y, (2)0 —ir(v)(gjv (7.23)
T VA
HP )0 i.F(V)(E)V (7.24)
7l z
H@ ()0 -iir(v)(zjv (7.25)
T

z

The same relations hold as v >«
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Fourier expansion

For any complex z

o0

o-izsint :n:z_ ey (2) (7.26)
With parseval relation

§ 32(2) =1 (7.27)
Auxiliary functions

Let Z:z—(%w%)ﬁ and define (7.28)
P(v,2) =\xz12[3, (2)c0s x +Y, (2)sin 7] (7.29)
Qv,2) =72/ 2[-3, (2)sin x +Y,,(z)cos 7] (7.30)
Inverse relationships

3, (2) =2/ xz[P(v,2)cos x ~Q(v,2)sin ] (7.31)
Y, (2) =2/ zz[P(v,2)sin y +Q(v,2)cos ] (7.32)
For Hankel functions:

YO (2) =2/ 7z[P(v,2) +iQ(v,2) |e' (7.33)
Y A(2) =2l zz[P(v,2)-iQ(v,2)|e (7.34)

The functions P(v,2),Q(v,z) are the slowly varying components in the asymptotic

expansions of the oscillatory Bessel and Hankel functions
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Asymptotic expansions

Let («,n)be defined by

-2n
() == {(4a2—1)(4a2—32)...(4a2—(2n—1)2)} (7.35)
1“(1+a+n)
(a,n):Zl—, N=012,.. (7.36)
nil'(=+a—n)
2
(a,n):Lﬁf(ﬂa)F(%+a+n)r(%—a+n) (7.37)
7TI:
With recursion:
12 2
(n+>)"—
@nide 2 G n=123.. (2,0)=1 (7.38)
n+1
Then for z—>
® n(v.2n)
Pv,2)0 ¥ (-)"—=2
(v.2) EO( )(22)2n (7.39)
© n(v,2n+1)
Qv. )l X (D" >—r7 (7.40)
n=0 22)
With,u=4v2
(=D(u-9)  (u-D(u—-9)(u—25)(x—49)
P(v,z)01- —e
.2 21(82)? " 41(82)* (7.41)
#-1 (u=D(u—9)(u—25)
Q(v,z) a2 3!(82)3 +... (7.42)
For large positive values of x
J,(x) =/2/(7X) [COS(X—%VH’—%ﬂ') +O(x_1)} (7.43)
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. 1 1 -1
Y, (X) =1/2/(7Z'X)|:S|n(X—EV7Z'—Z7Z')+O(X )} (7.44)
Integrals
Let Rez >0 and v be any complex number
3,(2) = 1 cosv— zsing)dg— SMVE | gvt-zsinht gy (7.45)
7o T 0
(z12)¥ 1 V-2 1
J,(2) = — 1 [ (1-t?) 2cosztdt, Revs>——,zcomplex,z=0 (7.46)
Jar(y+)1 2
2(x/2)™" ©  sinxt 1
3, (1) = [ dt, x>0,Rev|<—=
1 1
«/;F(E—v) ! (tz _1)V+2 : (7.47)
Y, (2) = 1Tsin(z sin 6’—1/0)d6?—of(e"t +e ™ cosvr)e 2SN gt (7.48)
7o 0
X\
20)" «
Y, (2)=— 21 | cosxt Tdt, x>0, |Rev|<—% (7.49)
\/;F(E_V) 1 (t2 _l)v+§
When v =n (an integer),the second integral in the first relation disappears
Generating Function
g(x, ) =e(/ DY 5 g on (7.50)
N=—o0
Orthogonality and Normalization
Jo(0)+23 Jon(x) =1 (7.51)
n=1
T 193 (k9) I (kP)d p =55~ ) (7.52)
0
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L 2
[ Im(Km1£)Im (Kmn o) pd o :L?Jr%ﬂ(’(ml L)Sn (7.53)
0
Rodrigues-type Formula
m
Jn(¥) = (=DM x™ (Ei) Jo () (7.54)
X dx
Schlaefli-type Integral Representation
1 e(x/2)(z—l/z)
Jm(X) = i IC(O) Zm+1 dz (7.55)
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8.Modified Bessel

Physical Origins

Separation of variables in cylindrical coordinates for Laplace, diffuson and

similar equations of the form

V2D () — k%D () =0 8.1
It differs from the usual Bessel function in the choice of separation constants.
Differential Equation

2 d? | d, (252 412 0

P L (&) + p—1, (kp) — (" p" +v)I, (xp) = 8.2

dp dp

Self-Adjoint Form
With po(p)=p, pi(p) =1, pa(p) =—v*1 p, A=—K° ,W(p) = p.

d( d 2 VP
—| p— 1, (xp) |-| «°p+— |l,(xp) =0 8.3
dp\" dp p
Standard:

2 d? d 2,2

X QIV(X)H&IV(X)—(X +v)I,(x)=0 8.4
Differential equation:

zzy”+zy'—(22+v2)y=0 8.5
Solutions 1,,(z) and K, (z) ,
[ 2 2n
IV(Z)=[5) > (el 8.6

2) nol'(n+v+1)n!
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I, (2)-1,(2)

T

KV(Z)_E sinvr 8.7
k

n#: z 1(2)'nd(n-k-1) 22} ()" (z2)" & (z/2)*
Kn(2)=(-) 1In(z)ln2+2(zj kgok![_4J +2(2j k§0[(p(k+1)+(p(n+k+l)]k!(n+k)! 8.8
Relations with the ordinary Bessel functions

——vri E7zi T
I, (z)=e 2 J,(ze2 ) ,—7z<argzsz 8.9
Iv(z)zeEVﬂlJV(ze_Eﬂl) ,%<argzsﬂ 8.10

. v E7zi T
Kv(z):zie2 HP(ze2™) ,—7z<argz£E 8.11
KV(z):—%ie_2va£2)(ze_2m) ,%<argz£n 8.12

i sz 5 L .
Y, (ze2 )=e2 I,(2)-=e 2 K,(2) ,—7z<argz§5 8.13
T
For n=0,1,2,..
1,(2) =i7"J,,(iz) 8.14
: N+l 2. n
Yo(iz)=1""1,(2)——i" K,(2) 8.15
T
I_h(2) =1,(2) 8.16
K_, (2) =K, (2) 8.17
for any v
Recursion relationships
2v
I, 1(2) - IV+1(z):7 1, (2) 8.18
8.19

L 4(2)+1,:1@)=21,,(2)
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2
K, .1(2)— Kv_l(z):% K, (2) 8.20
Ky1(2) + K, 11(2) =-2K[,(2) 8.21
INTEGRALS
l,(2) = i}Tezcc’sg cos(v0)d6— sinvz Ofe_"t_zcosmdt 8.22
7o T 0
V. 1 1
1,(2) = (ZLJe_ZZt [t@-t)]" 2 dt,Rev > —l, z complex,z =0 823
J;?r(wE) 0 2
K, (2) = Te_z CoSht cosh(vt) 8.24
0
2\v g2 1 1
Je()yete 1 1
K, (2)=—2——[e?®t 2(t+1) 2dt,Rev>-=,Rez>0 8.25
r(v+>) 0 2
2
1 v
F(v+—)(22) 0
K, (xz) = 2 2cos;<t dt1/2 dt,Rev>—1,x>O,|arg z|<17r 8.26
Jrx¥ o (t?+z%)"F 2 2
When v =n(an integer),the second integral in the first relation disappears
Generating Function
g(xt) =/ _ 5y o 8.27
N=—00
Orthogonality and Normalization
lo(0+2 3 (-1 () =1 8.28
n=1
[ k03 (k0) Iy () d p =5 (i~ ) 8.29
0
L |_2 2
[ Im (m12)Im (Kmnp) pA p :7‘]m+1(’fml L)Sny 8.30
0
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9. Half order Bessel functions (Spherical
Bessel).

Physical Origins

Radial equation solution of separation of variables of Helmholtz equation,

(V2 +Kk?}@ =0 9.1
in spherical coordinates

Differential Equation

Self-Adjoint Form

With pg(r) = r?, p(r)=2r, pp(r)=—n(n+1), A= P ,W(r) = r?
%(@%j%xzrz—n(n+1))R(r):O 9.2
Standard

%(X2%j+(xz “n(n +1))yn(x) -0 9.3
Or:

z2f"+2zf'+[z2—n(n+1)]f -0 9.4

Physical interval

0<x<o (Sometime finite interval 0 < x <L ).regular singular point, x=0.irregular

singular point, x —> o
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Solutions

For integer values of n, let:

in(2)= ”’(ZZ)Jm;‘Z)’ o5
Yn(2) :\]7[/(22) Yn+1(2) 9.6
2
Then:
io(2)= %, 9.7
z
yo(2)=—% 9.8
YA
And for n=0,1,2..
j (z)—(—z)“[ﬂ}nsﬂ 99
Int2)= zdz| z '
n
yn(z)=—(—z)“[ii} cosz 9.10
zdz Z
Regular j,(z)
o (CD¥k+n)! o
h(2)=2"2 k§ok!(2k+2n+1)!z 911
Small argument expansion about z=0
' 2" 9.12
(@)= o '
Large argument expansion about z — o«
jn(z)—>5in(z_n7[/2) 913
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Irregular solution or second solution : n,(z)

(D™ 2 (D=t 2

M(2) =" i o k!(2k —2n)! 914
Small argument expansion.
—1n
Ny (2) e—% 9.15
z

Large argument expansion
nn (Z) _)_M 9.16
Generating function: not available
Recurrence Relations: Regular and irregular solutions have same recurrence
Relations
@2n+1) £ (2) = nf,_1(2) —(n+1) 1,1 (2) 9.17
2n+1) fo(2) = z[ f,_1(2) + f111(2) ] 9.18
Orthogonality and Normalization
T 000 n(0d = 2m 0.19
2 JIn(X) Im T on+l .
L . 2 13 .2
[ im(&m12) im (Kmnpe) 2 dpz? Im+1 (ki L) Sy 9.20
0
Rodrigues-type Formula
. n(1d\ sinx

=(- —— | == 9.21
=015 ™
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10.Chebyshev polynomials first kind(common)

Physical Origins

Type | Chebyshev polynomials are encountered frequently in numerical analysis and

approximation theory.

an‘x)

5 1

Differential equation

2
i((l— x2) dT”(X)j+—” =T, () =0

dx dx .\ ,l_ X

(1= X?)T/(X) = XT;, +n?T(X) =0 10.1
Self-Adjoint Form
With () =v1-x2 , pr(x) =2x/\1=x2 , pp(x) =0, 2 =n? ,w(x) =1/\1—x2

10.2

Interval

—1<x<1.singular points x=-1,1
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Solutions

To() =1, T(x) =X, Tp(x) =2x* -1 10.3
T (X) = E[ng] M M(Zx)”_2m =T, (x) = cos(n cos (X)) 10.4
T2 2o mi(n—2m)! S '

Small argument expansion about x=0
Ton =(-1)" @-2n°x+...) 105
Tons =(-1)" (nx+...) 10.6
Large argument expansion, X ~+1
Tn (1) =()" 10.7
Weight: pp(x) = > 10.8
1-x

Generating Function

1t ® n

> =To(X)+2 % Th(X)t 10.9

1-2xt+t n=1
Recurrence Relations (Samples)
(1= X2)T! (X) = —nXT, (X) +nTy_1(X) 10.10
T (¥) = 2XT (X) + T (X) =0 10.11
Orthogonality and Normalization
Tn(£1)=D)" 10.12
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VA

}Tn(x)Tm(x) dx={5§“m for n;tO}

TJ1-x2

T forn=m=0

10.13

Rodrigues-type Formula

N33 (d )\ @)
Th(x) =(-1) —1(d_j T. .
2”(n—§)! X) Ja-x%

10.14

Schlaefli-type Integral Representation

1 (1-2%)
2710 (1 _px7 - 72)7™1

dz=2T,(x), (n>0)

10.15

Chebyshev Polynomial of the Second Kind

an‘x,l
To
Ts
a.5
T Ts
. X
- a5 a5 1
.5
T>
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11.Hermite

Physical Origins

Solution of the quantum harmonic oscillator in one dimension.

H f );" n°

Differential Equation

y' () =2xy'(x) +2ay(x) =0 11.1

Standard and Self-Adjoint Form

Hp(X) —2xH[ (X) +2nH(x) =0 11.2

with po(x) = e, P (X) = oxe X () =0, w(x)=e ™ , 1=2n 11.3
d (e_xz % y(x)j +2ne X y(x)=0 11.4

dx

Interval

Physical interval: —o < x <o0,no regular singular points.irregular singular point, X =zoo

108




Prof. Dr. Ibraheem Nasser

Solutions

Ho(X) =1, Hy(X) = 2X, Hp(X) = 4x% =2, Ha(X) =8x° —12x 11.5
[n/2] | n—2k
Hp(x) = ;0( ) m( X) 11.6
Small argument expansion aboutx =0
Hon(X) = (- )" ( )(1 2nx? +. ) 11.7
2n)! 3
H2n+1(x)z(—1)n( n”!) (2x—”(23)!‘ i) 11.8
Large argument expansion, X —» oo
Hp (X) = (2x)" 11.9
Generating Function
_t242 ® t"
g(x )= = ¥ Hy ()= 11.10
n=0 n!
Recurrence Relations
Hp (X)=2nHp_4(x) 11.11
Hpa (%) =2xH, (X) —2nHp_1(X) 11.12
Orthogonality and Normalization
T Ho(OHm (x)e ™ dx = 2"z 11.13

—00

Rodrigues-type Formula
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H(x)= (-)"e* [i}n e X 11.14
n - dX .

Schlaefli-type Integral Representation

2
n! e—z +22X

Hn(X)ZZ_EiIC(Z:O)T dz 11.15
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12.Simple Harmonic Oscillator

Physical Origins

Ubiquitous

12 f

0 F

Differential Equation

Standard and Self-Adjoint Form

2
a7y(x) digX) +k2y(x) =0

12.1
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Interval:

Infinite x e (—oo, %) of finite x € (0, L)

Singular points: No Regular Singular Points. Irregular Singular Points, x = oo

Solutions:

sinkx and coskx.ore™  with Ky = 2N 12.2

With periodic boundary conditions.

Small argument expansion aboutx =0
3 2 4

sinx=x—>—+..and cosx=1- >+ % _ 12.3
3! 2! 41

Orthogonality and Normalization

1 ojo e'k=K) — 5k -k 12.4

2w

L .
. Iel(k”_km) =Onm 12.5

Lo
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13.Dirac delta function

0, 240 13.1
5(1)
N e

Properties of Dirac delta function
T s(dx=1 13.2
T s(x-a)f (dx = f (a) 13.3
T 800 (dx = f(0) 13.4
[ ()5 (x—a)=—f(a) 13.5
[f ()" (x—a)=(-)" f"(a) 13.6
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5 (X) = —%5(x) 13.7
5 ()= (<) XL 5(x) 138
X
1
o (kx) = M5(X) 13.9
S(X) =5(—x) 13.10
5 (X)=—6 (-X) 13.11
o(x—a)=o(a—x) 13.12
O(X—X)

ol f(X)|= | -

[f(X)] ? df x; = zero,of f(x) 1513

dx X
[8(x—a)s(x—b)dx = 5(a—b) 13.14
Delta in spherical coordinates
53(x—x) = %5(r —1")8(cos—cos @) S(¢— &) 13.15
r

Delta in cylinderical coordinates
S 0X) = 5o )39~ )3(27) 13.16
Relation with step function:
d—e(x—x’)=5(x—x') 13.17
dx
d_‘9(x'_ X) =—=3(X'= X) 13.18
dx
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14.Heaviside Unit Step Function

1 =4

Ut —tp) =

0 i<l

14.1

gf_(f)

o
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