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INTRODUCTION 

Filtration is an important unit operation in gas 
cleaning and in the purification of molten metals. 

From a fluid mechanical point of view removal of 
particles from a gas and from a melt are very similar. 
Therefore it is here attempted to present a theory 
valid for both gases and liquids (melts). "Cake-
filtration" is not dealt with. In the presentation 
we start out by studying removal to a single sphere, 
this theory is then stretched to include a packed bed 
of spherical particles based on published experimen-
tal correlations. Finally it is indicated how the 
correlation can be applied to beds containing non-
spherical particles - for instance ceramic open pore 
filters. 

Here Re gives the 
approach velocity 
For Re < 1 we are 
while for Re > 1 

c 
the collector. N 
size of the partie 
portant role in de 
by interception. 
especially in the 
d is often in the 
l?es between 100 t 

Reynolds number referred to the 
and collector diameter d . 

in the viscous flow region (2), 
a boundary layer is formed around 
is a geometric group relating the 
le and collector. It plays an im-
scribing the mechanism of removal 
Usually N << 1. This is the case 
removal of inclusions in melts where 
range 0.1 to 10 ym while d usually 
o 1000 ym. 

The Schmidt number determines the thickness of the 
diffusion boundary layer 6, relative to the convective 
boundary layer thickness (3): 

The theory is compared with some published experi-
mental results concerning removal of particles from 
gases and melts. Also a comparison is made with metal-
lographic studies of removal of inclusions to graphite 
sampling filters and Selee open pore ceramic filters. 

THEORY 

Collection efficiencies for single spheres. 

— = Sc 
-1/3 

(1) 

For particle sizes between 0.1 and 10 ym, Sc is very 
large both for gases and fluids. For instance forair 
and molten aluminium v « 0.01 10 m /s and 0.4 10 
m /s respectively. For 1 ym particles the Stokes-
Einstein equation 

The collection efficiency η, of a spherical par-
ticle to a single sphere (in an infinite fluid) can 
depend on the following variables: diameter of col-
lector d , diameter of particle d , velocity of fluid 
relative to collector u (far away from the collector), 
velocity of particle relative to liquid u (for in-
stance due to gravity or buoyancy effects?, the diffu-
sion coefficient of the particles D, the densities of 
particle and fluid p and p_ respectively, and kine-
matic viscosity V. Employing Buckinghams Π-theorem 
(1) it is found that the eight variables and three 
fundamental units m, s and kg give us 8-3 = 5 inde-
pendent dimensionless groups. We may for instance 
choose: 

Re 

Re 

u -d /v, N = d /d , Sc = v/D 
°° C p c 
N2-Re -(p + p./2)/18 p, and 

c p f f 

u -d l\> 
P P 

(2) 

gives for air at room temperature and aluminium at 
1000 K, respectively 3.6-10 and 1.6-10 m/s. 
Thus the Sc-numbers for air and aluminium become 
Sc = 0.25-10 and 0.27-10 . It is seen that the 
numerical values are not very different, around 3-10 . 
This means that diffusion is controlled by the flow 
very close to the collector surface in both cases. 

ψ called the inertial impaction parameter gives 
a ratio between inertial and viscous forces. In the 
literature a number of theoretical calculations and 
experimental results (4) are found relating η and ψ. 
In the calculations η is given as a function of ψ for 
various Re . Usually it is assumed that the particles 
have mass But no size, N = 0. For this inertial re-
moval to be significant ψ > 0.05. In fluid filter 
systems this usually means that Re >> 1. In this 
case - assuming potential flow - the Langmuir-Blodgett 
calculations (5) may be employed. 
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For φ < 0.7 we then have 

(/φ - 0.2)·0.4 (3) 

It is seen that only when ψ > 0.04 do the particles 
cross the streamlines over to the collector surface. 

y is the normal direction out from the spherical 
surface. Θ is the angle between the fluid velocity 
and y. The tangential velocity is given by 

3Ψ 

3y 
(9) 

Gravity η . 

Re is the Reynolds number referred to the par-
ticles.13 Usually Re « 1 so that Stokes law may be 
employed to calculate the velocity of the particle 
relative to the surrounding fluid. Stokes law gives 
for the hydrodynamic force F acting on a sphere in an 
infinite fluid 

= 3π μ-u .d 
P P 

(4) 

Eq (4) is not valid near a wall or near other par-
ticles. The additional forces that then must be taken 
into account tend to displace the particle away from 
the walls (6). It is difficult to determine how 
important these forces are. Here it is only assumed 
that eq (4) is valid. Equating eq (4) to gravity 
minus buoyancy forces then gives: 

u Pf v (5) 

Insertion of eq (7) in eq (9) results in: 

3 U ί 
CO J •^'(v) - Θ -f3'(v)/3 

+ Θ -f5'(v) 3/120 ] 

I 
(10) 

When v ■* <*> we have the potential flow velocity distri-
bution. The boundary conditions for this case (11) 
are f., ' (<*■) = 1 , f 3 ' («) = I and ί ^ ) = ~. 

The collection efficiency for interception η. may 
now be obtained from the relation 

η. = volume flow containing particles inter-
cepting the sphere/volume flow approaching 
sphere (11) 

The volume flow in the numerator is derived approxi-
mately as: 

u · 2TT · r · dy = 2ττ Ψ · r (12) 

where g is the acceleration of gravity, g = 9.81 m/s 

For vertical flow through a filter one obtains 

n 

Interception and diffusion, η., η. 

(6) 

In the literature (7-10) the η's for Brownian 
diffusion and interception are calculated for viscous 
flow, Re < 1 and for potential flow (Re >> 1). 

c i c. 
As pointed out previously, diffusion and interception 
effects are controlled by the flow very close to the 
collector - in the boundary layer for Re > 1. There-
fore in this paper we first obtain relations for vel-
ocities in this boundary before calculating the η for 
the two mechanisms. 

The stream function Ψ is given by (11): 

/

v-d -U f 
f^v) - Θ f3(v)/3 

+ Θ -f5(v)-3/120 - (7) 

where the f(v), f (v) and fg(v) (11) are given as 
functions of 

Z- / 6 Re 
d 7 

(a) 

where r is the distance from the symmetry axis (see 

fig. 1). 

Figure 1. A spherical collector with some of 
the parameters used in the theory. 
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It is seen that 

r = sin6 d /2 
c 

Π. obtains its greatest value for Θ 
(T1-13) now give: 

(13) 

ττ/2. Equations 

To solve this equation u must be found as a function 
of p. To accomplish this u and p are given as the 
following approximate equations (compare eqs (7) and 
(10): 

P = 

/3v d U d 

—£—-·-£- sin̂ e f (v) 
8 2 

(22) 

ir fiy = d /2)-d 
where f.(v) ?a 0.44 v 

3 Ü -sinO f. '(v) oo 1 
(23) 

4 Ψ (y = d /2) 
(14) 

d -U 
c « 

For large particles giving v > 1 corresponding to the 
potential flow outside the boundary layer, f,(v) fa v, 
and the well-known formula is obtained 

n.· 3-N (15) 

For small particles in the boundary layer v < 1 
and f (v) f» 0.44 v . Then eq (14) becomes 

n- = 0.4 (16) 

Eqs (15) and (16) apply only in the case that a 
boundary layer developes i.e. that Re > 1. For the 
case of creeping flow reference, is made to the litera-
ture (7, 8). Removal by diffusion is treated theo-
retically in the literature for the case of creeping 
flow (2) and potential flow (12): 

where f'(v) = 0.88 v. We now eliminate v employing 
eqs (22) and (23): 

•u -Re 
-1/4 P 

Vd 
(24) 

Eq (24) inserted into eq (21) results in the following: 

(25) i_ (^.l£) 
3t 3p 3p 

where 

0.45-D-d 3-U -Re " 1 / 4 θ 

/ V-c 

Re .-
d6 (26) 

The solution of eq (25) integrating over angles from 0 
to the "point of separation" of the flow at 109.6 
gives for the number of particles reaching the sphere 
per unit time 

ru = 4.1-(Re -Se) for Re < 1 (17) 
d c c 

/? 

-1 /? 
(Re -Se) for Re » 1 (18) 

For intermediate Reynolds numbers, when 1 < Re and 
V < 1 the theory outlined here is employed. Tne method 
is similar to that used by Levich (2) for creeping 
flow. Then the diffusion equation 

T , Q ,1/3 n2/3 1/2 
I = 1 .9 V D d-Re -c 

c c c (27) 

where c is the concentration [number/m j of particles 
far away from the collector. 

The collection efficiency becomes 

^ A 2 IT 

— d U c 

-1/2 -2/3 
= 2.4-Re " -Sc ' (28) 

c 

3£ + u 3£ = L· o, dc/dy) 
3x 3y 3y 

where u is the velocity in the y-direction, is trans-
formed to an equation employing x = Θ d /2 and p =Ψ r 
as independent variables. 

Eq (9) inserted in eq (19) then gives 

(19) This result is the same as that obtained from the 
Frössling equation (13) and the well known Ranz-
Marshall correlation (14) for mass transfer of a dis-
solved component in a gas or liquid. 

Strictly speaking removal by diffusion should be 
calculated not at y = 0 but at y = d /2 corresponding 
to the position of the particles whefi they reach the 

(20) surface. This approximation is acceptable in the part 
of diffusion boundary layer where concentration changes 
linearly with y. The thickness of the convection 
boundary layer is determined roughly by v = 1 or 

9c „ 2 -— = Dr 
3x 

(u — ) 
3p 3p 

(21) 
(29) 
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Employing eq (1), it is found that eq (28) applies f 

< δ = δ S. c 
For 

.-1/3 or N < 2 Se 1 / 3 / /ΓϊΰΓ. 

- 1 / 3 , N > 2 Se l / J / / 6 Re ' (30) 

we assume that resistance to particle transfer in the 
diffusion boundary layer becomes negligible. In this 
case transfer outside the diffusion boundary layer 
plays a role in particle transfer (12, 13, 14). Then 
the theories became very complicated, non-steady motion 
of fluid and particles must be taken into account, and 
experimental results are partly contradictory. 
Also surface roughness plays a role. However, the 
following line of reasoning seems to be fruitful: 
Since resistance in the diffusion boundary layer is 
unimportant, D and Sc no longer «nter into the equ-
ations. Furthermore, usually Re will be small indi-
cating that relative velocities Between fluid and par-
ticles are small; the particles move together with the 
surrounding fluid. The ratio p /p does not affect 
the transfer. Finally, the surface roughness is due 
only to the particles already deposited. Of the 5 
dimensionless groups this leaves only two Re and N. 

For interception the single sphere eqs (15) and 
(16) are used also for a packed bed of spheres. Inter-
ception may be regarded as removal by convection in 
the radial direction, at y = d /2 and should be added 
to removal by diffusion (at y 6 d /2). Removal by 
inertial impaction is also added Iven though it de-
pletes c thus to some extent reducing the other η. 
Then the total collection efficiency η is given by: 

n. + n, + n + η 
l d g im 

(35) 

).4 /Re -N2 + 5.8-Re -°· 4 Sc"2/3 

+ u /u + η. (36) 
p œ 'im v ' 

and for Re > 1 and ~ /6 Re^-Sc1/3 > 1 
c 2 c 

n = 3 N + 11-Re ~°Λ Sc _ 1 / 2 + u /u + η. 
t c p °° rm 

(37) 

Collection efficiencies for packed beds of spheres. 

Experimental results for aerosols (7) indicate 
that in the case mentioned above, for 
0.05 > N Re > 0.0075 then 

c 

η % 0.5-N-Re 
1/2 

(31) 

Eq (31) applies to a packed bed while previously 
only the collection efficiency for single spheres is 
presented. Often only the superficial velocity u is 
given in practical filter problems. Then u may De 
obtained from the relation 

= u /ε (32) 

where ε is the porisity of the granular bed filter; 
usually e is approximately 1/2. Data on mass transfer 
of a dissolved component in packed beds of spheres 
(14) indicate that eq (28) should be modified to 

N / 
If m addition to -=- /6 
0.05 > N Re > 0.0075 then 

c 

* 1/3 
Re Sc > 1 also 
c 

1/2 
n = 3 N + 0.5-N-Re ' + u /u + η. (38) 
t c p °° 'im 

Usually the impaction term η. will only play a role 
for particle/gas systems due to the factor 
(p + pf/2)/pf. 

If the total collection efficiency for a single 
sphere is η , it is shown in the following that the 
efficiency of collection for a bed of depth L is 

1-E exp -

3·(1-ε)·Ι.·η 

2·ε· d 
(39) 

, _ number of particles removed 
where E = — — c 

number of particles into filter 

n = 5.8-Re - ° -
4 Sc'2/3 

d c 

This is in rough agreement with (7). 

(33) 
Collection efficiencies for non-spherical collectors: 

For non-spherical collectors the situation becomes 
more complex. The collection efficiency may still be 
defined as 

Eq (18) is not valid for dissolved components due 
to the unrealistic assumption of potential flow in the 
diffusion boundary layer. However, for particles 
which are removed at a distance d 11 from the surface 
outside the diffusion boundary layer, eq (18) applies 

Je 1/3 
No data is avail-f or Re » 1 and N > 2 /6 Re ' Sc ' 

able concerning eq (18) employed for packed beds. 
It is assumed that the same correction factor applies 
to eq (18) as to eq (28). This gives 

.. „ -0.4 . -1/2 
η, = 11 -Re Sc 
d c 

(34) 

effective cross sectional area for removal 

area of collector projected in direction of flow 

(40) 

If the specific contact area (surface area/unit 
volume fluid) is a, the ratio between the projected 
surface area and the collector surface is b, then re-
moval in a vertical slice of thickness dx is given by 
the differential mass balance 

- q-dc = ab-η -dx-q-c (41) 
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Here q is the volumetric flow of melt so that -q dc is 
the number of particles removed from the melt in the 
slice per unit time, a b η dx is the fraction of the 
melt volume where particles are removed. The right-
hand side gives the number of inclusions transferred 
to the collectors per unit time. Integration down 
the filter to depth x gives 

u CO 

:(x) = 1 E = exp a-b-η x (42) 

a and b are quantities determined by the geometry of 
the filter and can be measured for instance using metal-
lographic methods. For spheres 

b = 1/4 

6 (1-ε) 

ε-d 

To obtain η it is necessary to give more general 
definitions of the dimensionless groups mentioned in the 
introduction. Assuming that the particles are spheri-
cal, Re is calculated employing eq (32) while Sc and 
Re are°unchanged. For melts we assume that the effect 
of^the impaction mechanism is negligible so that Φ does 
not enter into the calculations. This leaves the pro-
blem of defining N. 

The interception mechanism as given by eq (14) may 
be written in the form 

Collectors 

Figure 2. Non-spherical collectors. P is the 
length around the collector, A is the shaded area. 

p.u -d /2 
c P 

A-u 
(43) 

where P is the length along the periphery and A is the 
cross-section of the collector as seen in the direction 
of flow. u is the velocity along this periphery. 
For spheres and potential flow 

P π dc 4 . , 
.t_ = _ . , ,, = — a n a u / u 

TT-d /4 
= -g- giving eq (15) , 

In a packed bed the flow cross-section will tend to be 
reduced around the periphery of a collector (see,Fig.2). 
As a rough approximation we assume that u /uœ = y also 

in this general case. Defining 

d = 4 A/P (44) 
c 

eq (15) may then be retained. 

Applying a similar kind of reasoning, it is sug-
gested that eq (44) be used throughout leaving the 
equations unchanged. 

Figure 2 shows a collector and how cross-sectional 
area A and periphery length P_ is obtained. 

Initial deposition in filter 

The number of inclusions, N, collected in the 
filter after a time t at vertical position x per unit 
length of depth, N, is equal to 

N(x) qa-b-η -c-dt (45) 

Under steady-state conditions, and if the properties 
of the filter do not change with time: 

N(x) pa q-t-a-b-η c(x) (46) 

Deposition is proportional to concentration in the 
fluid at position x. This means that c(x) may be 
determined by counting the total number of inclusions 
deposited over time t at position x. Furthermore, 
a-b-η can be calculated by combining eq (46) with 
eq (42) . This gives 

N(x) 

N(o) 
= exp (- ab-η x) (47) 
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COMPARISON OF THEORY AND EXPERIMENTS, DISCUSSION 

Published experiments 

Mutharasan et coworkers (16) have performed fil-
tration experiments using deep-bed filters. The fil-
ters consisted of either 2 cm alumina balls or 1-3 mm 
tabular alumina. 

Table I shows measured filter efficiencies com-
pared with out calculated values for the two types of 
deep-bed filters. 

Table I. Measured filter efficiencies (by 

Table II. Example of data from measurements 

Mutharasan 

Type of f i l t e r 

1-3 mm 

t a b u l a r 

alumina 

5 cm bed 

1-3 mm 

t a b u l a r a l . 

25 cm bed 

2 cm alumina 
b a l l s 
25 cm bed 

e t co (16)) 

U ( m / s ) 

0.21 

0.52 

0.75 

1.10 

1.33 

0.21 

1.25 

0.48 

0.95 

1.43 

10"2 

ID"2 

i o - 2 

10"2 

10"2 

10"2 

io"2 

10"2 

io"2 

10"2 

and c a l c u l a t e d v a l 

E meas. 

0.74 

0.65 

0.52 

0.47 

0.56 

0.94 

0.73 

0.75 

0.56 

0.50 

* 
E , c a l c . 

0.75 

0.65 

0.62 

0.62 

0.63 

0.99 

0.99 

0.75 

0.63 

0.55 

j e s 

d (μιη) 

6 
II 

[1 

It 

11 

6 
M 

15 
11 

M 

using eq (38) 

In the published experiments (16) the size of the 
TiB particles were reported to lie in the range 1-30um. 
The size distribution was not given. We found that a 
choice of inclusion diameter of d = 6 pm and d = 2 mm 
gave a good fit between calculates and experimental 
results for the tabular alumina. For the alumina balls 
it was necessary to choose d = 15 ym to give the corre-
spondence shown in Table I. 

The removal by the alumina balls seems to be sur-
prisingly high compared to the tabular alumina. One 
explanation is the very high Re - up to 715; possibly 
eq (31) does not apply for such high Re giving 
N Re =0.05. 

c 

Metallographic studies of filters. 

Bathen (17) has developed a method for studying 
inclusions entrapped in filters by means of automatic 
image analysis. With this method inclusion size dis-
tributions and distributions by depth as well as the 
total amount of inclusions deposited in the filter can 
be determined. In addition to this the mean size of 
the grains (collectors) in the filter is measured using 
the mean intercept method. 

on 

Depth 
(Vm) 

0 

90 

130 

3 3 0 

500 

7 5 0 

a graph 

Cncl. 

in melt 

% 
12.2 

11.5 
8 . 9 

6 . 4 

2 . 6 

2 . 5 

i t e f i l t e r 

Melt of 
measured 

a rea (X) 

59.8 

4 1 . 7 
38.7 

42.9 

4 6 . : 

45.7 

No 

e l f 

1.45 

14800 

16300 
14050 

8140 

4750 

4220 

Th 

of inc 
sses (y 

2 . 2 

6560 
6000 

5380 

27 15 

8 7 3 

6 8 0 

e i n c l u 

l . / im 
m) 

2 . 9 

1914 

1704 
HOS 

R?7 

171 

2R3 

2 of ■ 

3 . 6 

4 4 : 

34 3 
4 8 0 

3 8 8 

30 

57 

s ions 

e l t in d i 

4 .3 5 . 

130 58 
1 18 11 
212 33 

82 31 
10 10 

9 0 

a r e Al / C n 

' i s i ze 

3 . 8 

36 

11 

1! 

10 

0 

30 

Larger 

0 

0 

11 

10 

-
10 

Table II shows an example of some of the data that can 
be obtained employing this method. 

2 
Fig. 3 shows a plot of number of inclusions/mm 

melt for the same filter. As can be seen from this 
figure the amount of particles decreases as we go down 
into the filter, but the size distribution does not 
change significantly. 

\ 

\%, 

\ , \ ' 

* ' ·■ 

Figure 3. Number of particles/mm melt in the filter 
as a function of particle size at three different 
depths. 

xW 
Figure 4. Measured and calculated particle concen-
trations for four different filters. The spherical 
model is used. 

In fig. 4 measured and calculated particle con-
centrations are shown as a function of the depth in 
the filter. The calculated values are found employing 
the sphere model eqs (38) and (39) . As can be seen 
from this figure the calculated values are smaller 
than the measured ones. 
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Introducing the nomospherical model (eq. 42) it 
is seen from fig. 5 that the fit between measured and 
calculated values is better. In fig. 5 the product 
a-b relative to the spherical model is set equal to 
0.5. By setting measured values equal to the theo-
retical, the a-b value in eq. (42) for each filter 
is found. The value of a-b = 0.5 with a standard 
deviation of 0.19 is found by taking the average of 
the 4 filters. 

X(r 0 

Figure 5. Measured and calculated particle concen-
trations for four different filters. Non-spherical 
model: (a-b) = 0.5. 

be explained solely by the classical inertial impact-
ion mechanism (eq. 3) where the particles must pene-
trate through the viscous boundary layer. Instead, 
the particles only have to impinge on roughness 
elements present initially or produced by deposition 
of some of the particles (see eq. 31). Eq (31) gives 
a rough estimate of this mechanism. 

In the sampling filters the inclusions are found 
in "clusters" (see fig. 6). This may be explained by 
the mechanism mentioned above where particles tend to 
deposit close to "roughness elements" created by par-
ticles deposited previously. 

According to table II the mean particle diameter 
is approximately 2 ]im (on a volume basis) amd this 
value of d is used in the calculation in fig. 5. 

The discrepancy between calculated and measured 
values in fig. 5 may be explained by difficulties in 
measuring a-b values for each filter and by the approxi-
mations involved in the theory. 

In future work it will be attempted to determine 
a more accurate relation to replace 0.5 N /Re in eq. 
(31). In addition to this a better and more accurate 
way of determining a-b values for the filters has to 
be found. 

i?==ï -":'; E· if . ~ . \ »" »'- · 

, % A, 

. i > . ··' 

r.. , * - ' - % ' ! . .· ■ , ■ 
'■' ■>· , · ' - - · 

8002 28K-U>~; X758 ' 1 θΚτιf 
;W^ A" ... Ψ ■ ,,■■* 

Figure 6. A Scanning Electron image showing agglo-
meration of particles. Big black areas are filter 
grains. Small black particles are carbides, white 
particles are TiB -particles. 

CONCLUSION 

Relations are given for the total efficiency of 
collection, η and for the overall efficiency of col-
lection E - especially for spherical collectors. 
The theory seems to be sufficiently accurate to cal-
culate the initial removal of inclusions in a filter 
from the collector diameter d , porosity ε, inter-
stitial velocity u and inclusion diameter d . d 

P c 
may for instance be determined metallographiêally 
using the mean intercept method. 

Ample experimental evidence exists (12-15) that 
at sufficiently large Reynolds numbers, Re , the col-
lection efficiency increases with Re . This cannot 
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NOTATION 

- projected area of collector perpendicular to 
the flow direction [m j 

- specific contact area of the collector rela-
tive to a sphere 

_ ratio between projected surface area and 
collector surface area relative to a sphere 

- particle concentration 
r 2 

- Brownian diff. constant [m /sj 

- collector diameter [m] 

- particle (inclusion) diameter [_m] 

- collection efficiency 

- Defined by eq. (27) 

- Bolzmann constant J/K 

- filter depth [m] 

C,C 
o 

D 

d 
c 
d 
P 
E 

I 

kB 
L 

N 

N(o) 

N(x) 

q 

Re 
c 

Re 

= d /d 
P c 

- number of particles collected in the opening 
of the filter 

- number of particles collected at a distance x 
from the opening of the filter 

- length along the periphery of a collector [mj 

= Ψ-r 

- volumetric flowrate of melt 

- Reynolds number collector 

- Reynolds number particle 

n3/s] 
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r - defined by eq (13) 

Se - Schmidt number (K) 

Τ - temperature 

U - melt velocity along the periphery of the 
collector [m/sj 

U - particle velocity relative to melt [m/sj 

U - superficial velocity [m/sj 

Ü - U /e [m/sl 
oo s 1- J 

v - defined by eq (8) [m] 

x - depth in filter [ym] 

y - distance from surface of collector [mj 

δ - thickness of diffusion layer [m] 

δ - thickness of convective boundary layer [mj 

e - porosity 
η - diffusional collection efficiency 
d 

η - gravitational " " 

η. - interceptional " 

η. - impactional " 
im 

η - total collection efficiency 

Θ - given in fig. 1 

V - viscosity [m /sj 

p - specific density of fluid j.kg/inj 

p - specific density of particles [kg/m] 
Ψ - stream function 

ψ - inertial impaction parameter 
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