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e Heat Equation for a Finite Rod with Zero End Temperature
e Other Boundary Value Problems

e Laplace’s Equation
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Outline

0 Model Problem
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Model Problem

For much of the following discussion we will use the following 1D heat
equation with constant values of ¢, p, Ky as a model problem:

0 92 Q(x, 1)
aU(XJ)—kﬁU(XJ)Jera forO<x<L, t>0

with initial condition
u(x,0) = f(x) forO<x <L
and boundary conditions

u(0,t) = Ty(t), u(L.t)=To(t) fort>0
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e Linearity
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Linearity will play a very important role in our work.
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Linearity will play a very important role in our work.

Definition
The operator L is linear if

L(Ciuy + coUz) = c1L(U1) + C2L(Up),

for any constants ¢y, ¢, and functions uy, us.
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Linearity will play a very important role in our work.

Definition
The operator L is linear if

,C(C1 uy + CQUQ) = C1,C(U1) + CQﬁ(UQ),

for any constants ¢y, ¢, and functions uy, us.

Differentiation and integration are linear operations.

Example

@ Consider ordinary differentiation of a univariate function, i.e.,
£=%. Then

d d d
d7 (C1 fi + Cgfg) (X) = C1d7f1 (X) + ng7f2(X).
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Example
@ The same is true for partial derivatives:

0 0 0
a7 (Crun + Caliz) (x, 1) = c1 o ur (X, 1) + Co (X, B).
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Example
@ The same is true for partial derivatives:

0
(X t) + Co—

0
(crus + cotp) (X, t) = €1 .

5 us(x, t).

at

@ In particular, the heat operator 2 5~k 32 is linear.
Therefore, the heat equation

9 92 Q(x, 1)

EU(X t) WU(X’ t) = ch
N——

given function

is alinear PDE.
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Example
@ The same is true for partial derivatives:

0
ui(x,t) + co—

0
(crus + cotp) (X, t) = €1 o

pT: Up (X, t).

ot
@ In particular, the heat operator 2 5~k 32 is linear.
Therefore, the heat equation

0 02
5U(X’ t) — kﬁu(x, f)=0

is a linear PDE. If the given right-hand side function is identically
zero, then the PDE is called homogeneous.
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Example
@ The same is true for partial derivatives:

0
(X t)+02

0
(crus + cotp) (X, t) = €1 .

5 us(x, t).

ot
@ In particular, the heat operator 2 5~k 32 is linear.
Therefore, the heat equation

0 02
5U(X’ t) — kﬁu(x, f)=0

is a linear PDE. If the given right-hand side function is identically
zero, then the PDE is called homogeneous.

Remark

A linear homogeneous equation, Lu = 0, always has at least the trivial
solution u = 0.
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Example

Are the following equations linear or nonlinear, homogeneous or
nonhomogeneous?

°
0? 0?

WU(X y)+ a2 u(x,y) = f(x,y).
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Example

Are the following equations linear or nonlinear, homogeneous or
nonhomogeneous?

°
0? 0?

WU(x,y) a2 u(x,y) = f(x,y).

is linear and generally nonhomogeneous (Poisson’s equation).
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Example
Are the following equations linear or nonlinear, homogeneous or
nonhomogeneous?
°
02 02

WU(X,y) a2 u(x,y) = f(x,y).

is linear and generally nonhomogeneous (Poisson’s equation).

o
2 82

WU(XJ’) + aT,gU(X?}’) =0.
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Example
Are the following equations linear or nonlinear, homogeneous or
nonhomogeneous?
°
02 02

WU(X,y) a2 u(x,y) = f(x,y).

is linear and generally nonhomogeneous (Poisson’s equation).
°
2 82
a2 U + ) =0.

is linear and homogeneous (Laplace’s equation).
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Example
Are the following equations linear or nonlinear, homogeneous or
nonhomogeneous?
°
02 02

WU(X,y) a2 u(x,y) = f(x,y).

is linear and generally nonhomogeneous (Poisson’s equation).

o
2 82

2 (Xy)+ ay2 u(x,y)=0.

is linear and homogeneous (Laplace’s equation).

°
gtu(x, t) — 'i;x [u(x, t)aaxu(x, t)] =0.
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Example
Are the following equations linear or nonlinear, homogeneous or
nonhomogeneous?
°
82 82

WU(X,y) a2 u(x,y) = f(x,y).

is linear and generally nonhomogeneous (Poisson’s equation).

o
2 82

2 (Xy)+ ay2 u(x,y)=0.

is linear and homogeneous (Laplace’s equation).

°
881‘U(X’ t) — 'i;x [u(x, t)aaxu(x, t)] =0.

is nonlinear and homogeneous (nonlinear heat equation, thermal
conductivity depends on temperature).
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Theorem (Superposition Principle)

If uy and u» are both solutions of a linear homogeneous equation
Lu =0 and ¢y, c, are arbitrary constants, then ciuy + CoUs IS also a
solution of Lu = 0.
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Theorem (Superposition Principle)

If uy and u» are both solutions of a linear homogeneous equation

Lu =0 and ¢y, c, are arbitrary constants, then ciuy + CoUs IS also a
solution of Lu = 0.

Proof.
We are given a linear operator £ and functions uy, u» such that

Lug = 07 LU, = 0.
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Theorem (Superposition Principle)

If uy and u» are both solutions of a linear homogeneous equation
Lu =0 and ¢y, c, are arbitrary constants, then ciuy + CoUs IS also a
solution of Lu = 0.

Proof.
We are given a linear operator £ and functions uy, u» such that

Lug = 07 LU, = 0.
We need to show that

L(cius + coup) = 0.
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Theorem (Superposition Principle)

If uy and u» are both solutions of a linear homogeneous equation
Lu =0 and ¢y, c, are arbitrary constants, then ciuy + CoUs IS also a
solution of Lu = 0.

Proof.
We are given a linear operator £ and functions uy, u» such that

Lug = 07 LU, = 0.
We need to show that
L(cius + coup) = 0.

Straightforward computation gives

L linear
) =

L(ciur + colp ciLuy + cLuo
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Theorem (Superposition Principle)

If uy and u» are both solutions of a linear homogeneous equation
Lu =0 and ¢y, c, are arbitrary constants, then ciuy + CoUs IS also a
solution of Lu = 0.

Proof.
We are given a linear operator £ and functions uy, u» such that

Lug = 07 LU, = 0.
We need to show that
L(cius + coup) = 0.

Straightforward computation gives

L linear
L(cius + ) ~ =" ¢ LUj +Co LUo
~— ~—
=0 =0
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Theorem (Superposition Principle)

If uy and u» are both solutions of a linear homogeneous equation
Lu =0 and ¢y, c, are arbitrary constants, then ciuy + CoUs IS also a
solution of Lu = 0.

Proof.
We are given a linear operator £ and functions uy, u» such that

Luy =0, Lu,=0.
We need to show that

L(cius + coup) = 0.
Straightforward computation gives

Lli
L(cius + couo) e c1 Luy +C Lus = 0.
~— ~—~
=0 =0
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Heat Equation for a Finite Rod with Zero End Temperature

Outline

e Heat Equation for a Finite Rod with Zero End Temperature
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Heat Equation for a Finite Rod with Zero End Temperature

We want to solve the PDE

d 0?
au(x, t)=k

with initial condition

0x?

u(x,0) = f(x) forO0<x <L

and boundary conditions

u(0,t) =u(L,t)=0 fort >0
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u(x,t), forO<x<L, t>0
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Heat Equation for a Finite Rod with Zero End Temperature

We want to solve the PDE

0 02
au(x, t)_kﬁu(x, t), forO<x<L, t>0 (1)

with initial condition

u(x,0) = f(x) forO0<x <L (2)
and boundary conditions

u(0,t) =u(L,t)=0 fort >0 (3)

This is a linear and homogeneous PDE with linear and homogeneous
BCs — a perfect candidate for the technique of separation of variables.
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Separation of Variables

This technique often just “works”, especially for linear homogeneous

PDEs and BCs, by magically(?) converting the PDE to a pair of ODEs
— and those we should be able to solve’.

'If you don’t remember, you might want to review Chapters 2 and 5 (maybe alst
of something like [Zill].
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Heat Equation for a Finite Rod with Zero End Temperature

Separation of Variables

This technique often just “works”, especially for linear homogeneous

PDEs and BCs, by magically(?) converting the PDE to a pair of ODEs
— and those we should be able to solve’.

The starting point is to take the unknown function u = u(x, t) and
“separate its variables”, i.e., to make the Ansatz

u(x, t) = p(x)G(t) (4)

'If you don’t remember, you might want to review Chapters 2 and 5 (maybe alsd
of something like [Zill].
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Heat Equation for a Finite Rod with Zero End Temperature

Separation of Variables

This technique often just “works”, especially for linear homogeneous

PDEs and BCs, by magically(?) converting the PDE to a pair of ODEs
— and those we should be able to solve’.

The starting point is to take the unknown function u = u(x, t) and
“separate its variables”, i.e., to make the Ansatz

u(x, t) = p(x)G(t) (4)

In other words, we just guess that the solution u is of this special form,
and hope for the best.

'If you don’t remember, you might want to review Chapters 2 and 5 (maybe alsd
of something like [Zill].
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Heat Equation for a Finite Rod with Zero End Temperature

Separation of Variables

This technique often just “works”, especially for linear homogeneous
PDEs and BCs, by magically(?) converting the PDE to a pair of ODEs
— and those we should be able to solve’.

The starting point is to take the unknown function u = u(x, t) and
“separate its variables”, i.e., to make the Ansatz

u(x, t) = p(x)G(t) (4)

In other words, we just guess that the solution u is of this special form,
and hope for the best.

Remark

You may remember another form of separation of variables from MATH 152 or
MATH 252 (separable ODEs). In that case the right-hand side of the DE is
given with separated variables, i.e., g—ﬁ = f(x)g(y). Now we assume (or hope)
that the solution is separable.

'If you don’t remember, you might want to review Chapters 2 and 5 (maybe alsW
of something like [Zill].
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If uis of the form u(x, t) = ¢(x)G(t) then

U6t = ) G()
2 d2
a2ixt) = Jae(x)G()
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If uis of the form u(x, t) = ¢(x)G(t) then

0 d

S0 = ()G

2 d2
ﬁu(x, ) = @SO(X)GU)
Therefore the PDE (1) turns into

2
P S G0 = kS 0(0G()
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If uis of the form u(x, t) = ¢(x)G(t) then

Qi) = oSG
2 d2

S0 = 5e(0G()

Therefore the PDE (1) turns into

2
P S G0 = kS 0(0G()

Now we separate variables:

1 d 1 d?

depends onlyont  depends only on x
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If uis of the form u(x, t) = ¢(x)G(t) then

Qi) = oSG

ot
2 d2
Duixn = e

Therefore the PDE (1) turns into

2
P S G0 = kS 0(0G()

Now we separate variables:

1 d 1 d?

depends onlyont  depends only on x

The only way for this equation to be true for all x and t is if both sidd
are constant (independent of x and f).
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Heat Equation for a Finite Rod with Zero End Temperature

Therefore »

1 d 1 d
The constant X is known as the separation constant.
The “—” sign appears mostly for cosmetic purposes.
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Heat Equation for a Finite Rod with Zero End Temperature

Therefore »

1 d 1 d
The constant X is known as the separation constant.
The “—” sign appears mostly for cosmetic purposes.

Equations (5) give two separate ODEs:

¢'(x) = =Xp(x) (6)
G(f) = —AKG(t) (7)
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Heat Equation for a Finite Rod with Zero End Temperature

Before we attempt to solve the two ODEs we note that from the BCs
(8) and the Ansatz (4) we get (assuming G(t) # 0)

u(0,t) = »(0)G(t) =0
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Heat Equation for a Finite Rod with Zero End Temperature

Before we attempt to solve the two ODEs we note that from the BCs
(8) and the Ansatz (4) we get (assuming G(t) # 0)

u(0,t) = ¢(0)G(t) =0
= ¢(0) =0 (8)
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Heat Equation for a Finite Rod with Zero End Temperature

Before we attempt to solve the two ODEs we note that from the BCs
(8) and the Ansatz (4) we get (assuming G(t) # 0)

u(0,t) = ¢(0)G(t) =0
= ¢(0) =0 (8)

and

u(ll.t) = @(L)G(t)=0
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Heat Equation for a Finite Rod with Zero End Temperature

Before we attempt to solve the two ODEs we note that from the BCs
(8) and the Ansatz (4) we get (assuming G(t) # 0)

u(0,t) = ¢(0)G(t) =0
= ¢(0) =0 (8)

and

u(l,t) = o(L)G(t)=0
= (L) =0 (9)
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Heat Equation for a Finite Rod with Zero End Temperature

Before we attempt to solve the two ODEs we note that from the BCs
(8) and the Ansatz (4) we get (assuming G(t) # 0)

u(0,t) = ¢(0)G(t) =0
= ¢(0) =0 (8)

and

u(l,t) = o(L)G(t)=0
= (L) =0 (9)

Together, (6), (8), and (9) form a two-point ODE boundary value
problem.
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Heat Equation for a Finite Rod with Zero End Temperature

Remark
Note that the initial condition, (2), u(x,0) = f(x) does not become an
initial condition for (7)

G'(t) = —MKG(t)
(since the IC provides spatial, x, information, while (7) is an ODE in
time t).
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Heat Equation for a Finite Rod with Zero End Temperature

Remark

Note that the initial condition, (2), u(x,0) = f(x) does not become an
initial condition for (7)
G'(t) = —\kG(t)

(since the IC provides spatial, x, information, while (7) is an ODE in
time t).
Instead, (7) provides us only with

G(t) = ce Kt

and we will use the initial condition (2) elsewhere later.
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Heat Equation for a Finite Rod with Zero End Temperature

Solution of the Two-Point BVP

We now solve

¢(0) = (L) =0.
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Heat Equation for a Finite Rod with Zero End Temperature

Solution of the Two-Point BVP

We now solve

©'(x) = —Ap(x)
¢(0) = (L) =0.

This kind of problem is discussed in detail in MATH 252 (see, e.qg.,
Chapter 5 of [Zill]).
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Heat Equation for a Finite Rod with Zero End Temperature

Solution of the Two-Point BVP

We now solve

¢'(x) = —dp(x)
©(0) = ¢(L)=0.
This kind of problem is discussed in detail in MATH 252 (see, e.qg.,

Chapter 5 of [Zill]).
The characteristic equation of this ODE is
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Solution of the Two-Point BVP

We now solve

¢'(x) = —dp(x)
©(0) = ¢(L)=0.
This kind of problem is discussed in detail in MATH 252 (see, e.qg.,

Chapter 5 of [Zill]).
The characteristic equation of this ODE is

which is obtained from another Ansatz, namely ¢(x) = e'™.
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Solution of the Two-Point BVP

We now solve

¢'(x) = —dp(x)
©(0) = ¢(L)=0.
This kind of problem is discussed in detail in MATH 252 (see, e.qg.,

Chapter 5 of [Zill]).
The characteristic equation of this ODE is

which is obtained from another Ansatz, namely ¢(x) = e'™.
What are the roots r (and therefore the general solution ¢)?
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Heat Equation for a Finite Rod with Zero End Temperature

For a real separation constant X there are three cases.
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Heat Equation for a Finite Rod with Zero End Temperature

For a real separation constant X there are three cases.
Case |, A > 0: In this case, r> = —\ gives us

r=4iva
along with the general solution

©(x) = ¢y cos <\f)\x) + ¢y sin (ﬁx) .
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For a real separation constant \ there are three cases.
Case |, A > 0: In this case, r> = —\ gives us

r=4iva
along with the general solution

©(x) = ¢y cos <\f)\x) + ¢y sin (ﬁx) .

Now we use the BCs:

fasshauer@iit.edu MATH 461 — Chapter 2 18


http://math.iit.edu
http://math.iit.edu/~fass

For a real separation constant \ there are three cases.
Case |, A > 0: In this case, r> = —\ gives us

r=4iva
along with the general solution

©(x) = ¢y cos <\f)\x) + ¢y sin (ﬁx) .

Now we use the BCs:
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For a real separation constant \ there are three cases.
Case |, A > 0: In this case, r> = —\ gives us

r=4iva
along with the general solution

©(x) = ¢y cos <\f)\x) + ¢y sin (ﬁx) .

Now we use the BCs:

S
—~
~
~
I
o
Iy
o
NS
i)
=}
/N
>
~
N—

fasshauer@iit.edu MATH 461 — Chapter 2 18


http://math.iit.edu
http://math.iit.edu/~fass

For a real separation constant \ there are three cases.
Case |, A > 0: In this case, r> = —\ gives us

r=4iva
along with the general solution

©(x) = ¢y cos <\f)\x) + ¢y sin (ﬁx) .

Now we use the BCs:

©(0) =0 = cycos0+cpsin — ¢ =0
=1 =0

@(L)=0 “=% ¢, sin (\f)\L) — ¢ =0o0rsinvVAL=0
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For a real separation constant \ there are three cases.
Case |, A > 0: In this case, r> = —\ gives us

r=4iva
along with the general solution
©(x) = ¢y cos <\f)\x) + ¢y sin (ﬁx) .
Now we use the BCs:

©(0) =0 = ¢q cos10+cg smOO — ¢ =0

@(L)=0 “=% ¢, sin (\f)\L) — ¢ =0o0rsinvVAL=0

The solution ¢y = ¢, = 0 is not desirable (since it leads to the trivial
solution ¢ = 0).
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For a real separation constant \ there are three cases.
Case |, A > 0: In this case, r> = —\ gives us

r=4iva
along with the general solution
©(x) = ¢y cos <\f)\x) + ¢y sin (ﬁx) .
Now we use the BCs:

©(0) =0 = ¢q cos10+cg smOO — ¢ =0

@(L)=0 “=% ¢, sin (\f)\L) — ¢ =0o0rsinvVAL=0

The solution ¢y = ¢, = 0 is not desirable (since it leads to the trivial
solution ¢ = 0). Therefore, at this point we conclude

c;=0 and sinVAL=0.
MATH 461 — Chapter 2 18
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Heat Equation for a Finite Rod with Zero End Temperature

Our conclusions
c;=0 and sinvAL=0

do not yet specify the solution ¢, so we still have work to do.
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Heat Equation for a Finite Rod with Zero End Temperature

Our conclusions
c;=0 and sinvAL=0

do not yet specify the solution ¢, so we still have work to do.
Note that the equation sin /AL = 0 is true whenever v/AL = nr for any
positive integer n.
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Heat Equation for a Finite Rod with Zero End Temperature

Our conclusions
c;=0 and sinvAL=0

do not yet specify the solution ¢, so we still have work to do.

Note that the equation sin /AL = 0 is true whenever v/AL = nr for any
positive integer n.

In other words, we get
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Our conclusions
¢i=0 and sinVAL=0

do not yet specify the solution ¢, so we still have work to do.

Note that the equation sin /AL = 0 is true whenever v/AL = nr for any
positive integer n.

In other words, we get

An = (”L”)z n=123,...

Each eigenvalue \, = (”T”)2 gives us an eigenfunction
N
@n(x):cgsm%x, n=1,23,...

— each one of which is a solution to the BVP.
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, A = 0: In this case, r> = —\ = 0 implies r = 0 or

@(X) = ¢1 + Cox.
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, A = 0: In this case, r> = —\ = 0 implies r = 0 or
p(x) = c1 + Cox.

The BCs lead to:
90(0) =0=¢
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Case Il, A = 0: In this case, r> = —\ = 0 implies r = 0 or
p(x) = c1 + Cox.

The BCs lead to:
90(0) =0=¢
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, A = 0: In this case, r> = —\ = 0 implies r = 0 or
p(x) = c1 + Cox.
The BCs lead to:
90(0) =0=¢

o(L)=0"5"cL = =0
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, A = 0: In this case, r> = —\ = 0 implies r = 0 or
p(x) = c1 + Cox.
The BCs lead to:
90(0) =0=¢

p(L)=0=" Ll = =0

Now we have only the solution ¢; = ¢, = 0, i.e., the trivial solution
p=0.
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, A = 0: In this case, r> = —\ = 0 implies r = 0 or
p(x) = c1 + Cox.

The BCs lead to:
90(0) =0=¢

p(L)=0=" Ll = =0
Now we have only the solution ¢; = ¢, = 0, i.e., the trivial solution
p=0.
Since by definition ¢ = 0 cannot be an eigenfunction, this implies that
A = 0 is not an eigenvalue for our BVP.
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, A = 0: In this case, r> = —\ = 0 implies r = 0 or
p(x) = c1 + Cox.

The BCs lead to:
¢(0) =0=¢

p(L)=0=" Ll = =0
Now we have only the solution ¢; = ¢, = 0, i.e., the trivial solution
p=0.
Since by definition ¢ = 0 cannot be an eigenfunction, this implies that
A = 0 is not an eigenvalue for our BVP.
In other words, this case does not contribute to the solution.
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Case lll, A < 0: Now r? = —\ implies r = /=X or

>0

o(x) = creV M 4 eV,
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Case lll, A < 0: Now r? = —\ implies r = /=X or

>0

o(x) = cieV M 4 eV,
The BCs lead to:
p(0)=0=0c1+c
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Case lll, A < 0: Now r? = —\ implies r = /=X or

>0

o(x) = cieV M 4 eV,
The BCs lead to:
@(0)202014‘02 — Co = —Cq4
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Case lll, A < 0: Now r? = —\ implies r = /=X or

>0

o(x) = cieV M 4 eV,
The BCs lead to:
@(0)20201""02 — Co = —Cq4

(L)=0 %= ¢V _ce VAL

fasshauer@iit.edu MATH 461 — Chapter 2 21


http://math.iit.edu
http://math.iit.edu/~fass

Case lll, A < 0: Now r? = —\ implies r = /=X or

>0

o(x) = cieV M 4 eV,
The BCs lead to:
@(0)20201""02 — Co = —Cq4

(L)=0 %= ¢V _ce VAL
or ceV M =ce VA
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Case lll, A < 0: Now r? = —\ implies r = /=X or

>0

o(x) = creV M 4 eV,
The BCs lead to:
90(0)20201"‘02 — Co = —Cq4

o(L)=0 *=% eV _ge VA
or ceV M =ce VA
The last row can only be true if ¢; = 0 or L = 0. The latter does not

make any physical sense, so we again have only the trivial solution
¢t =c =0 (or p =0).
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Case lll, A < 0: Now r? = —\ implies r = /=X or

>0

o(x) = creV M 4 eV,
The BCs lead to:

(,0(0)202014-02 — Co = —Cqy

o(L)=0 *=% eV _ge VA
or ceV M =ce VA

The last row can only be true if ¢; = 0 or L = 0. The latter does not
make any physical sense, so we again have only the trivial solution
¢t =c =0 (or p =0).

Remark

Instead of o(x) = cieV " 4 ce~V = we could have used the

alternate formulation o(x) = ¢y cosh (v/=Ax) + ¢z sinh (vV=Xx) —to
the same effect.
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Summary (so far)

The two-point BVP

©"(x) = —Xo(x)

has eigenvalues

nm 2
M_(T), n=1273 ...
and eigenfunctions
@n(x):sinnLLX, n=123,...

and together with the solution for G found above we have that. ..
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Heat Equation for a Finite Rod with Zero End Temperature

Summary (cont.)

The PDE-BVP

0 92
8—tu(x, ) = kWU(X, 1), forO<x<L, t>0

u(0,t) = wu(L,t)=0 fort >0

has solutions

Un(x,t) = @n(x)Gn(t)
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Heat Equation for a Finite Rod with Zero End Temperature

Summary (cont.)

fU(X t) = k—2 U(X t) forO<x <L, t>0
ot ’ 0x? T ’

u(0,t) = wu(L,t)=0 fort >0
has solutions

un(x,t) = n(x)Gn(t)
= sinnLLXe‘A"’“
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Summary (cont.)

fU(X t) = k—2 U(X t) forO<x <L, t>0
ot ’ 0x? T ’

u(0,t) = wu(L,t)=0 fort >0
has solutions

un(x,t) = »n(x)Gn(t)
— ain X okt
= sin——e
nm 2
- sin”iLXe—"(T)f, n=1,23,...
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Heat Equation for a Finite Rod with Zero End Temperature

Remark

@ Note that so far we have not yet used the initial condition
u(x,0) = f(x).
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Heat Equation for a Finite Rod with Zero End Temperature

Remark
@ Note that so far we have not yet used the initial condition
u(x,0) = f(x).

@ Physically, the temperature should decrease to zero everywhere in
the rod, i.e.,

lim u(x,t) =0.
t—o0
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Heat Equation for a Finite Rod with Zero End Temperature

Remark
@ Note that so far we have not yet used the initial condition
u(x,0) = f(x).

@ Physically, the temperature should decrease to zero everywhere in
the rod, i.e.,

lim u(x,t) =0.
t—o0

@ We see that each

PTX ookt

Un(x,t) = sin 1

satisfies this property.
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Heat Equation for a Finite Rod with Zero End Temperature

By the principle of superposition any linear combination of up,
n=1,23,..., will also be a solution, i.e.,

u(x, t) = 3 Bysin T re K(E) (10)
n

for arbitrary constants Bj, is also a solution.
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Heat Equation for a Finite Rod with Zero End Temperature

By the principle of superposition any linear combination of up,
n=1,23,..., will also be a solution, i.e.,

u(x,t)=> " Bysin nLLXe_k("T”)Z’ (10)
n

for arbitrary constants Bj, is also a solution.

To get a solution u which also satisfies the initial condition we will have
to choose the Bys accordingly.
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Heat Equation for a Finite Rod with Zero End Temperature

By the principle of superposition any linear combination of up,
n=1,23,..., will also be a solution, i.e.,

u(x,t)=> " Bysin nLLXe_k("T”)Z’ (10)

n

for arbitrary constants Bj, is also a solution.

To get a solution u which also satisfies the initial condition we will have
to choose the Bys accordingly.

Notice that the above solution implies
. nmx
u(x,0) = ; Bysin ——

for the initial condition u(x, 0) = f(x).
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Heat Equation for a Finite Rod with Zero End Temperature

Fourier in Action

If an air column, a string, or some other object vibrates at a specific

frequency it will produce a sound. We illustrate this in the MATLAB
script Soundwaves .m.
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Fourier in Action

If an air column, a string, or some other object vibrates at a specific
frequency it will produce a sound. We illustrate this in the MATLAB
script Soundwaves . m.

If only one single frequency is present, then we have a sine wave.

Pure sine wave

002 004 006 008 01
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Heat Equation for a Finite Rod with Zero End Temperature

Fourier in Action

If an air column, a string, or some other object vibrates at a specific
frequency it will produce a sound. We illustrate this in the MATLAB
script Soundwaves . m.

If only one single frequency is present, then we have a sine wave.

Pure sine wave

Most of the time we hear a more complex sound (with overtones or

harmonics). This corresponds to a weighted sum of sine waves with
different frequencies.

Sine wave with next 3 harmonics Sine wave with next 3 odd harmonics.

05| 05|
0| 0|
05| 05|

002 004 006 008 0.1 002 004 006 008 01
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On March 27, 2008, researchers announced that they had found a
sound recording made by Edouard-Léon Scott de Martinville on April
9, 1860 — 17 years before Thomas Edison invented the phonograph.

Figure: The phonautograph: a device that scratched sound waves onto a
sheet of paper blackened by the smoke of an oil lamp.

Figure: A typical phonautogram.

And this is what it sounds like.
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Au Clair de la Lune--French folk song (1860 Phonautogram)

Phonautogram by Édouard-Léon Scott de Martinville

Recorded on April 9, 1860: 1861 Deposit, Académie des Sciences (No. 324), Number 5 

2008

Other

10.840803

eng - 
www.firstsounds.org

AuClairdelaLune.mp3
Media File (audio/x-mp3)
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Heat Equation for a Finite Rod with Zero End Temperature

Fourier analysis can be used to take apart and analyze complex
sounds.

fasshauer@iit.edu MATH 461 — Chapter 2 28


http://math.iit.edu
http://math.iit.edu/~fass

Heat Equation for a Finite Rod with Zero End Temperature

Fourier analysis can be used to take apart and analyze complex

sounds.
The MATLAB GUI touchtone lets us analyze which buttons were

pressed on a touch-tone phone.

28
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Heat Equation for a Finite Rod with Zero End Temperature

Fourier analysis can be used to take apart and analyze complex

sounds.
The MATLAB GUI touchtone lets us analyze which buttons were

pressed on a touch-tone phone.
Wave-like phenomena also play a fundamental role in

@ heat flow and other diffusion problems (e.g, the spreading of
pollutants),

@ vibration problems,

@ sound and image file compression (e.g., MP3 or JPEG files),

@ filtering of noisy audio or video.
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Fourier analysis can be used to take apart and analyze complex

sounds.
The MATLAB GUI touchtone lets us analyze which buttons were

pressed on a touch-tone phone.
Wave-like phenomena also play a fundamental role in

@ heat flow and other diffusion problems (e.g, the spreading of
pollutants),

@ vibration problems,

@ sound and image file compression (e.g., MP3 or JPEG files),

@ filtering of noisy audio or video.
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Heat Equation for a Finite Rod with Zero End Temperature

Example
If the initial temperature distribution f is of the form

. mnx
f(x) = sin —

where m is fixed, then

fasshauer@iit.edu MATH 461 — Chapter 2 29


http://math.iit.edu
http://math.iit.edu/~fass

Heat Equation for a Finite Rod with Zero End Temperature

Example
If the initial temperature distribution f is of the form
mmX
f(x) = sin ——
(x) =sin T
where m is fixed, then
mm 2
u(x, t) = up(x,t) = sin ?e‘k(T) t
will satisfy the entire heat equation problem, i.e., the series solution

if
(10) collapses to just one term, so B, = 0 I nzm
1 ifn=m

fasshauer@iit.edu MATH 461 — Chapter 2
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Heat Equation for a Finite Rod with Zero End Temperature

Example
If the initial temperature distribution f is of the form

Z B, sin ﬂ

then
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Heat Equation for a Finite Rod with Zero End Temperature

Example
If the initial temperature distribution f is of the form

Z B, sin ﬂ

then

M M
t) = nz_; Boun(x,t) = ; B, sin nLLXe"‘("TW)Zt

will satisfy the entire heat equation problem. In this case, the series
solution (10) is finite.
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Heat Equation for a Finite Rod with Zero End Temperature

What about other initial temperature distributions f?

The general idea will be to use an infinite series (i.e., a Fourier series)
to represent an arbitrary f,
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Heat Equation for a Finite Rod with Zero End Temperature

What about other initial temperature distributions f?

The general idea will be to use an infinite series (i.e., a Fourier series)
to represent an arbitrary f, i.e., we will show that any (with some mild
restrictions) function f can be written as

f(x) =Y Bysin ”LLX
n=1
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Heat Equation for a Finite Rod with Zero End Temperature

What about other initial temperature distributions f?

The general idea will be to use an infinite series (i.e., a Fourier series)
to represent an arbitrary f, i.e., we will show that any (with some mild
restrictions) function f can be written as

f(x) =Y Bysin ”LLX
n=1

and so the solution of the heat equation (1), (2) and (3) with arbitrary f
is given by
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Heat Equation for a Finite Rod with Zero End Temperature

What about other initial temperature distributions f?

The general idea will be to use an infinite series (i.e., a Fourier series)
to represent an arbitrary f, i.e., we will show that any (with some mild
restrictions) function f can be written as

f(x) =Y Bysin ”LLX
n=1

and so the solution of the heat equation (1), (2) and (3) with arbitrary f
is given by

Remaining question: How do the coefficients B, depend on f?
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Heat Equation for a Finite Rod with Zero End Temperature

Orthogonality (of vectors)

Earlier we noted that the angle 6 between two vectors a and b is

related to the dot product by
a-b
cosf) = ————,
alllb]

and therefore the vectors a and b are orthogonal, a | b (or
perpendicular, i.e., § = g), if and only if a- b = 0.
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Orthogonality (of vectors)

Earlier we noted that the angle 6 between two vectors a and b is
related to the dot product by
a-b
COS O =
all[b]|
and therefore the vectors a and b are orthogonal, a L b (or
perpendicular, i.e., § = g), if and only if a- b = 0.
In terms of the vector components this becomes

n
alb < ab=) ab=0.
i—1
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Orthogonality (of vectors)

Earlier we noted that the angle 6 between two vectors a and b is
related to the dot product by
a-b
COS O =
all[b]|
and therefore the vectors a and b are orthogonal, a L b (or
perpendicular, i.e., § = g), if and only if a- b = 0.
In terms of the vector components this becomes

n
alb < ab=) ab=0.
i—1

@ If A, B are two sets of vectors then A is orthogonal to Bifa-b=0
for every a € Aand every b € B.

@ Ais an orthogonal set (or simply orthogonal) if a- b = 0 for evd
a,bc Awitha#b.
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Heat Equation for a Finite Rod with Zero End Temperature

Orthogonality (of functions)

We can let our “vectors” be functions, f and g, defined on some interval
[a, b]. Then f and g are orthogonal on [a, b] with respect to the weight

function w if and only if (f, g) = 0,
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Heat Equation for a Finite Rod with Zero End Temperature

Orthogonality (of functions)

We can let our “vectors” be functions, f and g, defined on some interval
[a, b]. Then f and g are orthogonal on [a, b] with respect to the weight
function w if and only if (f, g) = 0, where the inner product is defined by

(f,g) = / f(x w(x)dx.
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Heat Equation for a Finite Rod with Zero End Temperature

Orthogonality (of functions)

We can let our “vectors” be functions, f and g, defined on some interval
[a, b]. Then f and g are orthogonal on [a, b] with respect to the weight
function w if and only if (f, g) = 0, where the inner product is defined by

(f,9) = / f(x w(x)dx.

Remark

@ Orthogonality of vectors is usually discussed in linear algebra,
while orthogonality of functions is a topic that belongs to functional
analysis.

fasshauer@iit.edu
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Heat Equation for a Finite Rod with Zero End Temperature

Orthogonality (of functions)

We can let our “vectors” be functions, f and g, defined on some interval
[a, b]. Then f and g are orthogonal on [a, b] with respect to the weight
function w if and only if (f, g) = 0, where the inner product is defined by

(f,9) = / f(x w(x)dx.
Remark

@ Orthogonality of vectors is usually discussed in linear algebra,

while orthogonality of functions is a topic that belongs to functional
analysis.

@ Note that orthogonality of functions always is specified relative to
an interval and a weight function.

v
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Heat Equation for a Finite Rod with Zero End Temperature

Orthogonality (of functions)

We can let our “vectors” be functions, f and g, defined on some interval
[a, b]. Then f and g are orthogonal on [a, b] with respect to the weight
function w if and only if (f, g) = 0, where the inner product is defined by

(f,9) = / f(x w(x)dx.
Remark

@ Orthogonality of vectors is usually discussed in linear algebra,
while orthogonality of functions is a topic that belongs to functional
analysis.

@ Note that orthogonality of functions always is specified relative to
an interval and a weight function.

@ There are many different classes of orthogonal functions such as,
e.g., orthogonal polynomials, trigonometric functions, or wavelets.

v
fasshauer@iit.edu MATH 461 — Chapter 2 33


http://math.iit.edu
http://math.iit.edu/~fass

Heat Equation for a Finite Rod with Zero End Temperature

Orthogonality (of functions)

We can let our “vectors” be functions, f and g, defined on some interval
[a, b]. Then f and g are orthogonal on [a, b] with respect to the weight
function w if and only if (f, g) = 0, where the inner product is defined by

(f,9) = / f(x w(x)dx.

Remark

@ Orthogonality of vectors is usually discussed in linear algebra,
while orthogonality of functions is a topic that belongs to functional
analysis.

@ Note that orthogonality of functions always is specified relative to
an interval and a weight function.

@ There are many different classes of orthogonal functions such as,
e.g., orthogonal polynomials, trigonometric functions, or wavelets.

@ Orthogonality is one of the most fundamental (and useful)
concepts in mathematics.

v
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Heat Equation for a Finite Rod with Zero End Temperature
Example

@ Show that the polynomials p;(x) = 1 and p2(x) = x are
orthogonal on the interval [—1, 1] with respect to the weight
function w(x) = 1.

© Determine the constants o and 3 such that a third polynomial p3
of the form

p3(x) = ax® + fx — 1

is orthogonal to both p; and po.
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Heat Equation for a Finite Rod with Zero End Temperature
Example

@ Show that the polynomials p;(x) = 1 and p2(x) = x are
orthogonal on the interval [—1, 1] with respect to the weight
function w(x) = 1.

© Determine the constants o and 3 such that a third polynomial p3
of the form

p3(x) = ax® + fx — 1

is orthogonal to both p; and po.

The polynomials p1, p2, p3 are known as the first three Legendre
polynomials.
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Example
@ Show that the polynomials p1(x) = 1 and px(x) = x are

orthogonal on the interval [—1, 1] with respect to the weight
function w(x) = 1.

© Determine the constants o and 3 such that a third polynomial p3
of the form

p3(x) = ax® + fx — 1
is orthogonal to both p; and po.

The polynomials p1, p2, p3 are known as the first three Legendre
polynomials.

Solution
Altogether, we need to show that

1
—1

fasshauer@iit.edu MATH 461 — Chapter 2 34



http://math.iit.edu
http://math.iit.edu/~fass

Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ pi(x) =1 and po(x) = x are orthogonal since

——
=x =1

1
/ p1(X) pa(X) w(x) dx
9 :,1-/
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ pi(x) =1 and po(x) = x are orthogonal since

/p1 ext) ()dx—/_11xdx

=1

fasshauer@iit.edu MATH 461 — Chapter 2 35


http://math.iit.edu
http://math.iit.edu/~fass

Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ pi(x) =1 and po(x) = x are orthogonal since

/p1 exy ()dx—/_11xdx=§

=1

—1
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ pi(x) =1 and po(x) = x are orthogonal since

/p1 exy ()dx—/_11xdx=§

=1

1

—1

Of course, we also know that the integral is zero since we integrate
an odd function over an interval symmetric about the origin.

v
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

1 1
/ P1(0pa(x)(x) dx = / Pa()pa(x)i(x) dx = 0.
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

1 1
/ P1(0pa(x)(x) dx = / Pa()pa(x)i(x) dx = 0.

This leads to

/11 (ax2+ﬁx—1> dx
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

1 1
/ P1(0pa(x)(x) dx = / Pa()pa(x)i(x) dx = 0.

This leads to
:

/11 (ax2+ﬁx—1> dx = [aX;Jr,BX;—X}q
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

1 1
/ P1(0pa(x)(x) dx = / Pa()pa(x)i(x) dx = 0.

This leads to
:

1 3 2
2, gy Sy _ 2
/1 (ax + Bx 1) dX—[Oz3 +,32 X}q =30 2
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

1 1
/ P1(0pa(x)(x) dx = / Pa()pa(x)i(x) dx = 0.

This leads to
:

1 3 2
/1<ax + Bx 1)dx_[a3+,82 XL a—2+0
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

1 1
/ P1(0pa(x)(x) dx = / Pa()pa(x)i(x) dx = 0.

This leads to
1 3 2 1
2 _ I B S S _2 5
/1<ax + Bx 1>dx_[a3+,82 XL_Sa 2Lp
and

/11x(ax2+5x—1) dx
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

/P1 )P3(x dX—/P2

This leads to

1

[,
and

|
/x
—1

3
3

x4

4

(ax2+5x—1> dx = [a+ﬁ—

2
(ax2+ﬂx—1> dx = [aXJr,B);—X} =Za-2=0
1

1
x3 xz]
2] 4
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

/P1 )P3(x dX—/P2

This leads to

1

[,
and

|
/x
—1

3
3

x4

4

(ax2+5x—1> dx = [a+ﬁ—

2
(ax2+ﬂx—1> dx = [aXJr,B);—X} =Za-2=0
1

x3  x21! 1
2] _4
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

/P1 )P3(x dx_/ pa2(x
This leads to
1 3 2 1
2 _ _ X L 5X _
/1 (ax + Bx 1>dx_[a3+,62 x}1
and
1 4 3 2
2 _ I ™ N
/_1x(ax + Bx 1>dx [a4+5 2|
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
@ We need to find o and /3 such that both

/P1 )ps(x dX—/ p2(X)ps(x)w(x)dx = 0.

This leads to

» 3

and

1 4 3 211
2 X X X 1
X (ax®+ [Bx —1 dX—[a+B—] = =
/_1 ( ) 4 2] 4

so that we have o = 3, 5 = 0 and

p3(x) =3x% — 1.

1 3 2 |
/ (ax2+ﬁx—1>dx:[ax+,8x2—x} —Za-210
—1
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Heat Equation for a Finite Rod with Zero End Temperature

Orthogonality of Sines

We now show that the functions

sinLX sin%—x sin%—x
L’ L’ L’

are orthogonal on [0, L] with respect to the weight w = 1.
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Orthogonality of Sines

We now show that the functions

sinLX sin%—x sinSW—X
L’ L’ L’

are orthogonal on [0, L] with respect to the weight w = 1.

To this end we need to evaluate

L nex . max
sin —— sin —— dx
0 L L

for different combinations of integers nand m.
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Orthogonality of Sines

We now show that the functions

sinLX sin%—x sinSW—X
L’ L’ L’

are orthogonal on [0, L] with respect to the weight w = 1.

To this end we need to evaluate

L nex . max
sin —— sin —— dx
0 L L

for different combinations of integers nand m.

We will discuss the cases m # n and m = n separately.
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Case |, m # n: Using the trigonometric identity

sin Asin B = ~ (cos(A — B) — cos(A+ B))

N =

we get

/OLsin #sin#dx: %/L [cos ((nf m)%) — cos ((n+m)LLX)] dx
0
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Case |, m # n: Using the trigonometric identity

sin Asin B = ~ (cos(A — B) — cos(A+ B))

N =

we get

e nmx mmx 1 T
/OSInTsm—dxf / cos ,—,, )T)—cos((ner)T)] dx

L

= % {ﬁ sin ((n— m)%) - ﬁsin ((n+ m)%)}

0
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Heat Equation for a Finite Rod with Zero End Temperature

Case |, m # n: Using the trigonometric identity

sin Asin B = ~ (cos(A — B) — cos(A+ B))

N =

we get

nmx

/OLsstmde—1/ COS ”* )T)fcos((ner)LLX)] dx

[ﬁ sin ((n - m)%) - ﬁ sin ((n+ m)LLX)} ‘

0

N = N =

[ﬁ (sin(n — m)w —sin0) — ﬁ (sin(n+ m)m — sin 0)]
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Case |, m # n: Using the trigonometric identity

sin Asin B = ~ (cos(A — B) — cos(A+ B))

N =

we get

/OLsin ”LL’(Sin#dx: %/L [cos ((nf m)%) — cos ((n+m)LLX)] dx
0

1 L . X L ) X L
= 3 [m sin ((n— m)T) = ((n+ m)T)L
- ;[(an)Tr(sin(n—m)w—sinO)—(n+m)7r(sin(n+m)7r—sin0)}

integer integer
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Heat Equation for a Finite Rod with Zero End Temperature

Case |, m # n: Using the trigonometric identity

sin Asin B = ~ (cos(A — B) — cos(A+ B))

N =

we get

e nmx mmx 1 T
/OSInTsm—dxf / cos ,—,, )T)—cos((ner)T)] dx

1 L . X L o\
= 5 {7(n—m)7r sin ((n—m)T) ) G sin ((n+ m)—— I )L
1 L . . . .
= 3 [W(sm(n— m)m—sin0) — m(sm(mr m)7r—sm0)] =0.
integer =0 integer =0
— —
=0 =0
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, m = n: Using the trigonometric identity

sin? A = % (1 — cos 2A)

L L
conmx o1 _ 2nmx
/0 sin I dx_2/0 (1 cos [ >dx

we get
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, m = n: Using the trigonometric identity

sin? A = % (1 — cos 2A)

L L
conmx o1 _ 2nmx
/0 sin I dx_2/0 (1 cos [ >dx

= 1 x——sin2mx :
2 2nm L

we get

0
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, m = n: Using the trigonometric identity

sin? A = % (1 — cos 2A)

L L
conmx o1 _ 2nmx
/0 sin I dx_2/0 (1 cos [ >dx

X — i sin 2nmx]"
2nm L

we get

0

N —= N =

nm

[(L -0)— ZL (sin2nm — sin 0)}
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Heat Equation for a Finite Rod with Zero End Temperature

Case Il, m = n: Using the trigonometric identity

sin? A = % (1 — cos 2A)

L L
conmx o1 _ 2nmx
/0 sin I dx_2/0 (1 cos [ >dx

we get

_ 1 x—isinzme
2 2nm L |,

1 L . . L
= = [(L —-0) — 2n(sm_20n7r—sTOO)] =3
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Orthogonality of Sines

In summary, we have

/L . nmx . mmx 0 ifm<#n,
sin — sin ——dx = )

NI~

and we have established that the set of functions

sinE sin&r—x sin%—x
L’ L’ L’

is orthogonal on [0, L] with respect to the weight function w = 1.
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Orthogonality of Sines

In summary, we have

/L . nmx . mmx 0 ifm<#n,
sin — sin ——dx = )

NI~

and we have established that the set of functions

sinE sin&r—x sin%—x
L’ L’ L’

is orthogonal on [0, L] with respect to the weight function w = 1.

Remark

Later we will also use other orthogonal sets such as cosines, or sines
and cosines, and other intervals of orthogonality.

fasshauer@iit.edu MATH 461 — Chapter 2 40



http://math.iit.edu
http://math.iit.edu/~fass

Heat Equation for a Finite Rod with Zero End Temperature

We are now finally ready to return to the determination of the
coefficients B, in the solution

u(x,t)=> " Bysin nLLXe"‘("T”)Zt.
n=1

of our model problem.
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Heat Equation for a Finite Rod with Zero End Temperature

We are now finally ready to return to the determination of the
coefficients B, in the solution

o0
. nmx —k(”l)zt
ulx,t) = B, sin —— r)t
(x,t) =) _ Bysi e
n=1
of our model problem.
Recall that we assumed that the initial temperature was representable

as -
. NmXx
f(x) = n§_1 Bpsin I
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Heat Equation for a Finite Rod with Zero End Temperature

We are now finally ready to return to the determination of the
coefficients B, in the solution

o0
. nmx —k(”l)zt
ulx,t) = B, sin —— r)t
(x,t) =) _ Bysi e
n=1
of our model problem.
Recall that we assumed that the initial temperature was representable

as -
. NmXx
f(x) = n§_1 Bpsin I

Remark

Note that the set of sines above was infinite. This, together with the
orthogonality of the sines will allow us to find the B,.
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Heat Equation for a Finite Rod with Zero End Temperature

Start with .
nrx
f(x) = ,?:1 Bpsin -

multiply both sides by sin /%, and integrate wrt. x from 0 to L.

fasshauer@iit.edu MATH 461 — Chapter 2 42


http://math.iit.edu
http://math.iit.edu/~fass

Heat Equation for a Finite Rod with Zero End Temperature

Start with .
nrx
f(x) = ,?:1 Bpsin -

multiply both sides by sin /%, and integrate wrt. x from 0 to L.

L . mmx L& . nmx| . mmx
— /of(x)sdex_/0 ;anmT sin —— dx.
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Heat Equation for a Finite Rod with Zero End Temperature

Start with .
nrx
f(x) = ,?:1 Bpsin -

multiply both sides by sin /%, and integrate wrt. x from 0 to L.

L . mmx L& . nmx| . mmx
— /of(x)sdex:/0 ;anmT sin —— dx.

Assume we can interchange integration and infinite summation?, then

/f smdx_ZB,,/ S|nTS|n$dx

fasshauer@iit.edu MATH 461 — Chapter 2 42


http://math.iit.edu
http://math.iit.edu/~fass

Heat Equation for a Finite Rod with Zero End Temperature

Start with .
nrx
f(x) = ,?:1 Bpsin -

multiply both sides by sin /%, and integrate wrt. x from 0 to L.

L L[oo
. mmx . Nmx mmXx
= /o f(x)sdex_/0 ,?:1 B,,SlnT sdex

Assume we can interchange integration and infinite summation?, then

/f smdx_ZB,,/ S|nTS|n$dx

2This is not trivial! It requires uniform convergence of the series
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Heat Equation for a Finite Rod with Zero End Temperature

Start with .
nrx
f(x) = n§_1 Bpsin %,

multiply both sides by sin /%, and integrate wrt. x from 0 to L.

L L[oo
. mmx . Nmx mmXx
= /o f(x)sdex_/0 ,?:1 B,,SlnT sdex

Assume we can interchange integration and infinite summation?, then

/f smdx_ZBn/ smTS|n$dx

_{0 it n#m,

L q —
5 ifm=n

2This is not trivial! It requires uniform convergence of the series
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Heat Equation for a Finite Rod with Zero End Temperature

Start with .
. nmXx
= Z Bn Sin T,

n=1

multiply both sides by sin /%, and integrate wrt. x from 0 to L.

L L[oo
. mmx . Nmx mmXx
= /0 f(x)sdex_/0 ,?:1 B,,SlnT sdex

Assume we can interchange integration and infinite summation?, then

/f smdx_ZBn/ smTS|n$dx

_{o it n#m,

L q —
5 ifm=n

Therefore

2

2This is not trivial! It requires uniform convergence of the series
fasshauer@iit.edu MATH 461 — Chapter 2 42
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Heat Equation for a Finite Rod with Zero End Temperature

But .
. mmx L
A f(x)sin T dx = Bmé
is equivalent to
2 (L . mmx
Bn=-— f(x) sin —— dx, m=1,23,...
L /o L
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Heat Equation for a Finite Rod with Zero End Temperature

But .
. mmx L
A f(x)sin T dx = Bmé
is equivalent to
2 (L . mmx
Bn=-— f(x) sin —— dx, m=1,23,...
L /o L

The By, are known as the Fourier (sine) coefficients of f.
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Heat Equation for a Finite Rod with Zero End Temperature

Example

Assume we have a rod of length L whose left end is placed in an ice
bath and then the rod is heated so that we obtain a linear initial
temperature distribution (from u = 0°C at the left end to u = L°C at the
other end). Now, insulate the lateral surface and immerse both ends in
an ice bath fixed at 0°C.

What is the temperature in the rod at any later time ¢?
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Heat Equation for a Finite Rod with Zero End Temperature

Example

Assume we have a rod of length L whose left end is placed in an ice
bath and then the rod is heated so that we obtain a linear initial
temperature distribution (from u = 0°C at the left end to u = L°C at the
other end). Now, insulate the lateral surface and immerse both ends in
an ice bath fixed at 0°C.

What is the temperature in the rod at any later time t?

This corresponds to the model problem

0 02
PDE: 5U(X’ t) = kﬁu(x, 1), 0<x<L t>0
IC: u(x,0) = x, 0<x<L,
BCs: wu(0,t) =u(L,t) =0, t>0.
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Heat Equation for a Finite Rod with Zero End Temperature

Solution
From our earlier work we know that

nm 2
u(x,t)=> " Bysin DX o —k(%E )1,
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Heat Equation for a Finite Rod with Zero End Temperature

Solution
From our earlier work we know that

NC i X k()
u(x,t)=> " Bysin et
n=1
- nrx
This implies that (just plug in t = 0) u(x,0) =Y Bysin =
n=1
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Heat Equation for a Finite Rod with Zero End Temperature

Solution
From our earlier work we know that

s nm 2
u(x,t) =Y _Bysin nLLXe‘k(T) f
n=1

This implies that (just plug in t = 0) u(x,0) = Z B sin ﬂ.

But we also know that u(x,0) = x,
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Heat Equation for a Finite Rod with Zero End Temperature

Solution
From our earlier work we know that

> nm 2
) =) Bysin nLLXe‘k(T) L

This implies that (just plugin t =0)  u(x,0) = 3 Bysin ”LLX

n=1
But we also know that u(x, 0) = x, so that we have the Fourier sine
series representation

nmx
X = ZB,,sm -

or
2 [t nrx
Bn_L/O xsdex, n=1,2,3,...
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
We now compute the Fourier coefficients of f(x) = x, i.e.,

2 [t nmx
Bn_z/o xsdex, n=1,23,...
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
We now compute the Fourier coefficients of f(x) = x, i.e.,

L
Bn_i/o xsinnLLde, n=1,2,3,...

Integration by parts (with u = x, dv = sin 77X dx) yields

B, = [ xicos rnrx} / — CO0S d
nm L

~In
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Heat Equation for a Finite Rod with Zero End Temperature

Solution (cont.)
We now compute the Fourier coefficients of f(x) = x, i.e.,

L
Bn_i/o xsinnLLde, n=1,2,3,...

Integration by parts (with u = x, dv = sin 77X dx) yields

2 L
B, = [ xcosmrx} /co nﬂxd
L nm
2 L L . nmx L
= - L—cosn7r+0 — | —sin ——
L nm n7r nm L 0
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Solution (cont.)
We now compute the Fourier coefficients of f(x) = x, i.e.,

L
Bn_i/o xsinnLLde, n=1,2,3,...

Integration by parts (with u = x, dv = sin 77X dx) yields

B, = 2[—ch nwx} /co nﬂxdx

L nm

2 L L . nmx L
= L—cosn7r+0 +— — sin —

L nm nrT | nm L 0

2L 2L
= ——cos n7r+ (sm nm —sin0)
nm
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Solution (cont.)
We now compute the Fourier coefficients of f(x) = x, i.e.,

L
Bn_i/o xsinnLLde, n=1,2,3,...

Integration by parts (with u = x, dv = sin 77X dx) yields

B, = 2[—ch nwx} /co nﬂxd

L nm

2 L L . nmx L
= L—cosn7r+0 +— —sin

L nm nrT | nm L 0

2L 2L
= ——cos n7r+ (sm nm — sin0)
nﬂ-\,—/

=(=1)"
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Solution (cont.)
We now compute the Fourier coefficients of f(x) = x, i.e.,

L
Bn_i/o xsinnLLde, n=1,2,3,...

Integration by parts (with u = x, dv = sin 77X dx) yields

B, = g xic nmx / L n7rx
L nm L nm
2 L L L
= L—cosn7r+0 — | —si X
L nm n7r nm L 0
2L 2L
= ——cos n7r+ (sm nm — sin0)
=y "
Therefore, 2L it i
B, — 27L(_1),7+1 _ ﬁzL !f n !s odd,
nm . if nis even
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Heat Equation for a Finite Rod with Zero End Temperature

The solution of the previous example is illustrated in the Mathematica
notebook Heat . nb.
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Outline

e Other Boundary Value Problems
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A 1D Rod with Insulated Ends

We now solve the same PDE as before, i.e., the heat equation

0 02
&u(x, t)_kﬁu(x, t), forO<x<L, t>0

with initial condition
u(x,0) = f(x) forO<x <L
and new boundary conditions

ou ou
a—x(o, t) = 8—X(L, t)=0 fort >0
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A 1D Rod with Insulated Ends

We now solve the same PDE as before, i.e., the heat equation

0 02
&u(x, t)_kﬁu(x, t), forO<x<L, t>0

with initial condition
u(x,0) = f(x) forO<x <L
and new boundary conditions

ou ou
a—x(o, t) = 8—X(L, t)=0 fort >0
Since the PDE and its boundary conditions are still linear and

homogeneous, we can again try separation of variables.
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A 1D Rod with Insulated Ends

We now solve the same PDE as before, i.e., the heat equation

0 02
&u(x, )=k

with initial condition

8qu(x,z‘), forO0<x<L, t>0

u(x,0) = f(x) forO<x <L
and new boundary conditions

ou ou

a—x(o, t) = 8—X(L, t)=0 fort >0
Since the PDE and its boundary conditions are still linear and
homogeneous, we can again try separation of variables.
However, since the BCs have changed, we need to go through a ne
derivation of the solution.
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Other Boundary Value Problems

We again start with the Ansatz u(x, t) = ¢(x)G(t) which turns the heat
equation into

2
P S G0 = k3 0(0G()

Separating variables with separation constant \ gives

1 d 1 2

ke dt W = og aer) =
along with the two separate ODEs:

G(t) = —XMkG(t) = G(t)=ce™
¢'(x) = —Xp(x)
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Other Boundary Value Problems

The ODE (11) now will have a different set of BCs. We have (assuming

G(t) # 0)

%U(O,t) = ¢'(0)G(t)=0
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Other Boundary Value Problems

The ODE (11) now will have a different set of BCs. We have (assuming

G(t) # 0)

U0, = SO)G(H) =0

ox
= ¢'(0)=0
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Other Boundary Value Problems

The ODE (11) now will have a different set of BCs. We have (assuming

G(t) #0)

Z;’u(o, )y = ¢(0)G(t)=0
= ¢/(0)=0

and
%U(L, t)y = ¢(L)G(t)=0
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Other Boundary Value Problems

The ODE (11) now will have a different set of BCs. We have (assuming

G(t) #0)

g)L(IU(O, )y = ¢(0)G(t)=0
= ¢/(0)=0
and
%U(L, t)y = ¢(L)G(t)=0
= ¢'(L)=0
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Next, we find the eigenvalues and eigenfunctions. As before, there are
three cases to discuss.
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Other Boundary Value Problems

Next, we find the eigenvalues and eigenfunctions. As before, there are

three cases to discuss.
Case I, A > 0: So ¢”(x) = —\p(x) has characteristic equation r?> = —\

with roots
r=+iva.
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Next, we find the eigenvalues and eigenfunctions. As before, there are
three cases to discuss.
Case I, A > 0: So ¢”(x) = —\p(x) has characteristic equation r?> = —\
with roots

r=+iva.

We have the general solution (using our Ansatz p(x) = e™)
©(x) = c1cos VAX + cosinVAx.
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Next, we find the eigenvalues and eigenfunctions. As before, there are
three cases to discuss.
Case I, A > 0: So ¢”(x) = —\p(x) has characteristic equation r?> = —\

with roots
r=+iva.
We have the general solution (using our Ansatz p(x) = e™)

©(x) = c1cos VAX + cosinVAx.
Since the BCs are now given in terms of the derivative of ¢ we need

¢'(x) = =V e sin VX + VAcz cos VAx
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Next, we find the eigenvalues and eigenfunctions. As before, there are
three cases to discuss.
Case I, A > 0: So ¢”(x) = —\p(x) has characteristic equation r?> = —\

with roots
r=+iva
We have the general solution (using our Ansatz p(x) = e™)
©(x) = c1cos VAX + cosinVAx.
Since the BCs are now given in terms of the derivative of ¢ we need
¢'(x) = =V e sin VX + VAcz cos VAx
and the BCs give us:

¢'(0) =0 = —vVAcy sin0+v ey cos 0
0 =1
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Next, we find the eigenvalues and eigenfunctions. As before, there are
three cases to discuss.
Case I, A > 0: So ¢”(x) = —\p(x) has characteristic equation r?> = —\

with roots
r=+iva
We have the general solution (using our Ansatz p(x) = e™)
©(x) = c1cos VAX + cosinVAx.
Since the BCs are now given in terms of the derivative of ¢ we need
¢'(x) = =V e sin VX + VAcz cos VAx
and the BCs give us:

(0)=0=—vXcisin0+VAcocos0 22 o, =0

=0 =1
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Next, we find the eigenvalues and eigenfunctions. As before, there are
three cases to discuss.
Case I, A > 0: So ¢”(x) = —\p(x) has characteristic equation r?> = —\

with roots
r = +iva.
We have the general solution (using our Ansatz p(x) = e™)

©(x) = c1cos VAX + cosinVAx.
Since the BCs are now given in terms of the derivative of ¢ we need
¢'(x) = =V e sin VX + VAcz cos VAx
and the BCs give us:

(0)=0=—vXcisin0+VAcocos0 22 o, =0

=0 =1

=0

¢'(L) =0"=" —veysin VAL
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Next, we find the eigenvalues and eigenfunctions. As before, there are
three cases to discuss.
Case I, A > 0: So ¢”(x) = —\p(x) has characteristic equation r?> = —\

with roots
r = +iva.
We have the general solution (using our Ansatz p(x) = e™)

©(x) = c1cos VAX + cosinVAx.
Since the BCs are now given in terms of the derivative of ¢ we need
¢'(x) = =V e sin VX + VAcz cos VAx
and the BCs give us:

(0)=0=—vXcisin0+VAcocos0 22 o, =0

=0 =1

go’(L):OCZ::O— xersinVaL 222 ¢ =0or sinvAL=0 |
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Other Boundary Value Problems

As always, the solution ¢; = ¢, = 0 is not desirable (~ trivial solution
p=0).
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Other Boundary Value Problems

As always, the solution ¢; = ¢, = 0 is not desirable (~ trivial solution
¢ = 0). Therefore, we have

=0 and sinVAL=0 <= VAL=nnm.
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Other Boundary Value Problems

As always, the solution ¢; = ¢, = 0 is not desirable (~ trivial solution
¢ = 0). Therefore, we have

=0 and sinVAL=0 <= VAL=nnm.

At the end of Case | we therefore have
@ eigenvalues

A,,:(”ZT)Z, n=1223,...

@ and eigenfunctions
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Other Boundary Value Problems

As always, the solution ¢; = ¢, = 0 is not desirable (~ trivial solution
¢ = 0). Therefore, we have

=0 and sinVAL=0 <= VAL=nnm.

At the end of Case | we therefore have
@ eigenvalues

A,,:(”—”)z, n=1223,...

@ and eigenfunctions

n
©n(x) = cos o

=X, n=123,..
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Other Boundary Value Problems

Case Il, A = 0: Now ¢"(x) =0

o(X) =cix+ ¢

fasshauer@iit.edu MATH 461 — Chapter 2 54


http://math.iit.edu
http://math.iit.edu/~fass

Other Boundary Value Problems

Case Il, A = 0: Now ¢"(x) =0
o(X) =cix+ ¢

so that
¢'(x) = ¢.
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Other Boundary Value Problems

Case Il, A = 0: Now ¢"(x) =0
o(X) =cix+ ¢

so that

Both BCs give us:

c1 =0.
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Other Boundary Value Problems

Case Il, A = 0: Now ¢"(x) =0
o(X) =cix+ ¢

so that

Both BCs give us:

#(0)=0=c

QOI(L):OZC1 } — C1:0‘

Therefore
©(x) = ¢ = const

is a solution — in fact, it’s an eigenfunction to the eigenvalue A = 0.
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Other Boundary Value Problems

Case lll, A < 0: Now ¢"(x) = —Ap(x) again has characteristic
equation r? = —\ with roots r = +v/—\.
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Other Boundary Value Problems

Case lll, A < 0: Now ¢"(x) = —Ap(x) again has characteristic
equation r? = —\ with roots r = +v/—\.
But the general solution is (using our Ansatz o(x) = ™)

©(x) = ¢y cosh vV —Ax + ¢ sinh v —\x.
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Other Boundary Value Problems

Case lll, A < 0: Now ¢"(x) = —Ap(x) again has characteristic
equation r? = —\ with roots r = +v/—\.
But the general solution is (using our Ansatz o(x) = ™)

©(x) = ¢y cosh vV —Ax + ¢ sinh v —\x.

with
¢'(X) = V=Acq sinh vV —Ax + v/ —\cz cosh v —)x.

fasshauer@iit.edu MATH 461 — Chapter 2 55


http://math.iit.edu
http://math.iit.edu/~fass

Other Boundary Value Problems

Case lll, A < 0: Now ¢"(x) = —Ap(x) again has characteristic
equation r? = —\ with roots r = +v/—\.
But the general solution is (using our Ansatz o(x) = ™)

©(x) = ¢y cosh vV —Ax + ¢ sinh v —\x.

with
¢'(X) = V=Acq sinh vV —Ax + v/ —\cz cosh v —)x.

The BCs give us:

¢©'(0) =0 =+—\cy sinhQ+v—\cp cosh 0
=0 —1
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Other Boundary Value Problems

Case lll, A < 0: Now ¢"(x) = —Ap(x) again has characteristic
equation r? = —\ with roots r = +v/—\.
But the general solution is (using our Ansatz o(x) = ™)

©(x) = ¢y cosh vV —Ax + ¢ sinh v —\x.
with
¢'(X) = V=Acq sinh vV —Ax + v/ —\cz cosh v —)x.
The BCs give us:
Y . — A<0 _
©'(0) =0 =+v-Acy sm:0+\/ ACo cos1hO = =0
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Other Boundary Value Problems

Case lll, A < 0: Now ¢"(x) = —Ap(x) again has characteristic
equation r? = —\ with roots r = +v/—\.
But the general solution is (using our Ansatz o(x) = ™)

©(x) = ¢y cosh vV —Ax + ¢ sinh v —\x.
with
¢'(X) = V=Acq sinh vV —Ax + v/ —\cz cosh v —)x.
The BCs give us:
Y . — A<0 _
©'(0) =0 =+v-Acy sm:0+\/ ACo cos1hO = =0

S (L) =0 =% vV xc; sinhv—AL
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Other Boundary Value Problems

Case lll, A < 0: Now ¢"(x) = —Ap(x) again has characteristic
equation r? = —\ with roots r = +v/—\.
But the general solution is (using our Ansatz o(x) = ™)

©(x) = ¢y cosh vV —Ax + ¢ sinh v —\x.

with
¢'(X) = V=Acq sinh vV —Ax + v/ —\cz cosh v —)x.

The BCs give us:

¢'(0)=0=+v-XcisinhQ+vV—-Xcocosh) = ¢ =0
=0 —1

J(L) =0V aesinhv—aL 22 ¢ =0or sinhv—AL=0
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Other Boundary Value Problems

As always, the solution ¢y = ¢, = 0 is not desirable.
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Other Boundary Value Problems

As always, the solution ¢y = ¢, = 0 is not desirable.
On the other hand, sinh A = 0 only for A = 0, and this would imply the
unphysical situation L = 0.
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Other Boundary Value Problems

As always, the solution ¢y = ¢, = 0 is not desirable.

On the other hand, sinh A = 0 only for A = 0, and this would imply the
unphysical situation L = 0.

Therefore, Case Ill does not provide any additional eigenvalues or
eigenfunctions.
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Other Boundary Value Problems

As always, the solution ¢y = ¢, = 0 is not desirable.

On the other hand, sinh A = 0 only for A = 0, and this would imply the
unphysical situation L = 0.

Therefore, Case Ill does not provide any additional eigenvalues or
eigenfunctions.

Altogether — after considering all three cases — we have
@ eigenvalues

A=0 and An:(”zr)z, n=123,. ..

@ and eigenfunctions

o(x)=1 and gon(X):COSn—ZTX, n=1,23,...
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Summarizing, by the principle of superposition

_ < X (=)t
u(x,t) = Ao+ Y _ Ancos e
n=1
will satisfy the heat equation and the insulated ends BCs for arbitrary
constants Ap.
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Summarizing, by the principle of superposition

s nm 2
u(x,t) = Ag + ZA” cos nLLXe—k(T) :

n=1

will satisfy the heat equation and the insulated ends BCs for arbitrary
constants Ap.

Remark

Since Ay = Ag cos 0e°® we can also write

> n nr \2
u(x,t) =>_ Ancos %Xe*k(T) t
n=0
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Finding the Fourier Cosine Coefficients

We now consider the initial condition

u(x,0) = f(x).
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Finding the Fourier Cosine Coefficients

We now consider the initial condition

u(x,0) = f(x).

From our work so far we know that

Z A, COS ﬂ

and we need to see how the coefficients A, depend on f.
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Other Boundary Value Problems

In HW problem 2.3.6 you should have shown

L 0 ifm+#n,
nmx mnx Lo
cos ——cos ——dx=<¢5 ifm=n#0,
0 L L )
L ifm=n=0

and therefore the set of functions

1 cosE coszﬂ—x cossw—x
) L’ L bl L PR

is orthogonal on [0, L] with respect to the weight function w = 1.
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Other Boundary Value Problems

To find the Fourier (cosine) coefficients A, we start with

f(x) = Z A, COS —— n7rx
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Other Boundary Value Problems

To find the Fourier (cosine) coefficients A, we start with
f(x) = Z Ancos X

multiply both sides by cos 77X, and integrate wrt. x from 0 to L.
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Other Boundary Value Problems

To find the Fourier (cosine) coefficients A, we start with
f(x) = Z Ancos X
multiply both sides by cos 77X, and integrate wrt. x from 0 to L.

L mmx L& nmx mmx
— /o f(x)cosde_/0 nz::oAnCOST cos — = dx.
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Other Boundary Value Problems

To find the Fourier (cosine) coefficients A, we start with

f(x) =) _ Ascos nLLX,
n=0

multiply both sides by cos 77X, and integrate wrt. x from 0 to L.

N /f cos—dx_/ [ZAnCOS ]cosm%dx

Again, assuming interchangeability of integration and infinite
summation we get

/ f(x) cosdx_ZAn/ cos—xcos#dx
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To find the Fourier (cosine) coefficients A, we start with

> nmx
f(x) = -z
(x) =) Ascos T
n=0
multiply both sides by cos 77X, and integrate wrt. x from 0 to L.

L L
= / f(x)cosmdx:/
0 L 0

Again, assuming interchangeability of integration and infinite
summation we get

L

o0
nmx mmX
Z A, cos L] cos —— dx.
n=0

/f cosdx_ZAn/ cos—xcosﬁdx

0 |fn;£m,
=L itm=n#0,

~

L iftm=n=0
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By looking at what remains of

L mrx s L nmx mrx
f(x)cos —— dx = A / c0S —— c0S —— dx
/0 () L nz::o " Jo L L

-~

if n#£ m,
ifm=n=#0,

in the various cases we get fm=n=o0

|
~ri~ O
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By looking at what remains of

L mrx s L nmx mrx
f(x)cos —— dx = A / c0S —— c0S —— dx
/0 () L nz::o " Jo L L

-~

if n#£ m,
ifm=n=#0,

in the various cases we get fm=n=o0

\
~ri~ O

L
ALl = /f(x)dx,
0
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Other Boundary Value Problems

By looking at what remains of

L mrx s L nmx mrx
f(x)cos —— dx = A / c0S —— c0S —— dx
/0 () L nz::o " Jo L L

-~

if n#£ m,
ifm=n=#0,
fm=n=0

\
~ri~ O

in the various cases we get

L
ALl = /f(x)dx,
0

L
Am£ = / f(x) cos mrx dx, m>0.
2 0 L
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By looking at what remains of

/f cosdx_ZAn/ cos—xcosﬁdx

-~

0 ifn#m,
=45 itm=n#£0,
L

fm=n=0

in the various cases we get

L
ALl = /f(x)dx
0

L
Am£ = / f(x) cos mrx dx, m>0.
2 0 L

But this is equivalent to

AO:L/f

A = L/ f(x )cos—dx n>0,

the Fourier cosine coefﬂClents of f.
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Other Boundary Value Problems

Remark
Since the solution in this problem with insulated ends is of the form

> nm 2
u(x,t) = Ao+ _ Ancos nLLX e k(E)t

n=1 —0fort — oo
for any n

we see that
tllm u(x,t) = AO_L/ f(x

the average of f (cf. our steady-state computations in Chapter 1).
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Other Boundary Value Problems

Periodic Boundary Conditions
Let’s consider a circular ring with
insulated lateral sides.

8=l 0
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Other Boundary Value Problems

Periodic Boundary Conditions
Let’s consider a circular ring with
insulated lateral sides.

Il
o

The corresponding model for heat x=L X
conduction in the case of perfect o

thermal contact at the (common)

endsx=—-Land x = Lis

2

0 0
PDE: au(x, t) = kﬁu(

IC: u(x,0) = f(x) for —L<x<L

X, 1), for —L<x<L t>0
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Other Boundary Value Problems

Periodic Boundary Conditions
Let’s consider a circular ring with
insulated lateral sides.

Il
o

The corresponding model for heat x=L X
conduction in the case of perfect o

thermal contact at the (common)

endsx=—-Land x = Lis

2

0 0
PDE: au(x, t) = kﬁu(

IC: u(x,0) = f(x) for —L<x<L

X, 1), for —L<x<L t>0

and new periodic boundary conditions

u(-Lt) = u(Lt) fort >0
ou ou
5(_L’ ) = 8—X(L, f) fort >0
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Other Boundary Value Problems

Everything is again nice and linear and homogeneous, so we use
separation of variables.
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Other Boundary Value Problems

Everything is again nice and linear and homogeneous, so we use
separation of variables.

As always, we use the Ansatz u(x, t) = ¢(x)G(t) so that we get the
two ODEs

G(t) = —-MG(t) = G(t)=ce ™
¢'(x) = —p(x),
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Other Boundary Value Problems

Everything is again nice and linear and homogeneous, so we use
separation of variables.

As always, we use the Ansatz u(x, t) = ¢(x)G(t) so that we get the
two ODEs

G(t) = —MG(t) = G(t)=ce
¢'(x) = —Ap(x),
where the second ODE has periodic boundary conditions
(=) = ¢(L),

¢'(-L) = &)
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Other Boundary Value Problems

Everything is again nice and linear and homogeneous, so we use
separation of variables.

As always, we use the Ansatz u(x, t) = ¢(x)G(t) so that we get the
two ODEs

G(t) = —MG(t) = G(t)=ce
¢'(x) = —Ap(x),
where the second ODE has periodic boundary conditions
(=) = ¢(L),

¢'(-L) = &)

Now we look for the eigenvalues and eigenfunctions of this proble
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Other Boundary Value Problems

Case |, A > 0: ¢"(x) = —Ap(x) has the general solution

©(X) = ¢1 €08 VAX + czsin VAx.
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Other Boundary Value Problems

Case |, A > 0: ¢"(x) = —Ap(x) has the general solution

©(X) = ¢1 €08 VAX + czsin VAx.

The BCs are given in terms of both ¢ and its derivative, so we also
need

¢'(x) = —Vxcr sin VX + VAcz cos VAx.
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Other Boundary Value Problems

Case |, A > 0: ¢"(x) = —Ap(x) has the general solution

@(x) = ¢ cos VAx + ¢ sin Vax.

The BCs are given in terms of both ¢ and its derivative, so we also
need

¢'(x) = —VAcy sin VAx 4+ VAca cos VAx.
The first BC, ¢(—L) = (L), is equivalent to

c1cos VA(—L) + cosin VA(—=L) = ¢;cos VAL + casin VAL

fasshauer@iit.edu MATH 461 — Chapter 2 65


http://math.iit.edu
http://math.iit.edu/~fass

Other Boundary Value Problems

Case |, A > 0: ¢"(x) = —Ap(x) has the general solution

@(x) = ¢ cos VAx + ¢ sin Vax.

The BCs are given in terms of both ¢ and its derivative, so we also
need

¢'(x) = —VAcq sin VAx + vz cos VAx.
The first BC, ¢(—L) = (L), is equivalent to
c1cos VA(—L) +cosinVA(—L) = c¢1cos VAL + cosin VAL
=cos VAL =—sinVAL
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Other Boundary Value Problems

Case |, A > 0: ¢"(x) = —Ap(x) has the general solution

@(x) = ¢ cos VAx + ¢ sin Vax.

The BCs are given in terms of both ¢ and its derivative, so we also
need

¢'(x) = —VAcq sin VAx + vz cos VAx.
The first BC, ¢(—L) = (L), is equivalent to
c1cos VA(—L) +cosinVA(—L) = c¢1cos VAL + cosin VAL
=cos VAL =—sinvAL
— 2csinVAL = 0.
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Case |, A > 0: ©"(x) = —\o(x) has the general solution
vase l, A > V. @ ¥

@(x) = ¢ cos VAx + ¢ sin Vax.

The BCs are given in terms of both ¢ and its derivative, so we also
need

¢'(x) = —VAcq sin VAx + vz cos VAx.
The first BC, ¢(—L) = (L), is equivalent to

c1cos VA(—L) +Cosin VA(—L) = c¢;cos VAL + cosin VAL
—cosv/AL —sinvAL
— 2csinVAL = 0.
While ¢/(—L) = ¢'(L), is equivalent to
—crsinVA(=L) + cocos VA(—L) = —cysin VAL + ¢ cos VAL
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Other Boundary Value Problems

Case |, A > 0: ¢"(x) = —Ap(x) has the general solution

@(x) = ¢ cos VAx + ¢ sin Vax.

The BCs are given in terms of both ¢ and its derivative, so we also
need

¢'(x) = —VAcq sin VAx + vz cos VAx.
The first BC, ¢(—L) = (L), is equivalent to

c1cos VA(—L) +Cosin VA(—L) = c¢;cos VAL + cosin VAL
—cos VAL ——sinvAL
— 2csinVAL = 0.
While ¢/(—L) = ¢'(L), is equivalent to
—cisinVA(=L) +62cos VA(~L) = —cysinVAL+ cocos VAL

=—sinvAL =cos VAL
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Other Boundary Value Problems

Case |, A > 0: ¢"(x) = —Ap(x) has the general solution

©(X) = ¢1 €08 VAX + czsin VAx.

The BCs are given in terms of both ¢ and its derivative, so we also
need

¢'(x) = —VAcq sin VAx + vz cos VAx.
The first BC, ¢(—L) = (L), is equivalent to

c1cos VA(—L) +Cosin VA(—L) = c¢;cos VAL + cosin VAL
—cos VAL ——sinvAL
— 2csinVAL = 0.
While ¢/(—L) = ¢'(L), is equivalent to

—cisinVA(=L) +62cos VA(~L) = —cysinVAL+ cocos VAL
=—sinv)L =cos VAL
<— 2c¢isinv AL =0
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Other Boundary Value Problems

Together, we have

2¢isinvV/AL=0 and  2csinvVAL=0.
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Other Boundary Value Problems

Together, we have
2¢isinvV/AL=0 and  2csinvVAL=0.
We can’t have both ¢; = 0 and ¢, = 0. Therefore,

nm

L)z, n=1,23,...

sinvVAL=0 or \,= (
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Other Boundary Value Problems

Together, we have
2¢isinvV/AL=0 and  2csinvVAL=0.

We can’t have both ¢; = 0 and ¢, = 0. Therefore,

2
sinvV/AL=0 or A,,:(%) . n=1,2,3,...

This leaves ¢y and ¢, unrestricted, so that the eigenfunctions are given
by

nmx . nmx
gon(x):c1cos%+cgsm%, n=1,23,...
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Other Boundary Value Problems

Case Il, A = 0: ¢"(x) = 0 implies ¢(x) = c1x + ¢ with ¢'(x) = ¢;.
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Other Boundary Value Problems

Case Il, A = 0: ¢"(x) = 0 implies ¢(x) = c1x + ¢ with ¢'(x) = ¢;.
The BC ¢(—L) = (L) gives us:

c(-L)+c = cil+o

<~ 2¢L =0
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Other Boundary Value Problems

Case Il, A = 0: ¢"(x) = 0 implies ¢(x) = c1x + ¢ with ¢'(x) = ¢;.
The BC ¢(—L) = (L) gives us:

c(-L)+c = cil+o
— 2L £+ 0 2 -0
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Other Boundary Value Problems

Case Il, A = 0: ¢"(x) = 0 implies ¢(x) = c1x + ¢ with ¢'(x) = ¢;.
The BC ¢(—L) = (L) gives us:

c(-L)+c = cil+o
— 2L £+ 0 2 -0

The BC ¢/(—L) = ¢/(L) states
Cl = C4

which is completely neutral.
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Other Boundary Value Problems

Case Il, A = 0: ¢"(x) = 0 implies ¢(x) = c1x + ¢ with ¢'(x) = ¢;.
The BC ¢(—L) = (L) gives us:

c(-L)+c = cil+o
— 2L £+ 0 2 -0

The BC ¢/(—L) = ¢/(L) states
C1 = ¢
which is completely neutral.

Therefore, A = 0 is another eigenvalue with associated eigenfunction
e(x) =1.
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Other Boundary Value Problems

Similar to before, one can establish that Case Ill, A < 0, does not
provide any additional eigenvalues or eigenfunctions.
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Other Boundary Value Problems

Similar to before, one can establish that Case Ill, A < 0, does not
provide any additional eigenvalues or eigenfunctions.

Altogether — after considering all three cases — we have
@ eigenvalues

A=0 and Anz(”L”)Z, n=1203...

@ and eigenfunctions

n N
p(X)=1 and ¢n(X) = € COS - X+CpSiN

i TX  n=123,..
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Other Boundary Value Problems

By the principle of superposition

o0 [ee)
nmx nm\2 . NTX ()2
u(x,t)=ap+ E apcos %e*k(T) Fy E bpsin %e k()

n=1 n=1

is a solution of the PDE with periodic BCs,
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Other Boundary Value Problems

By the principle of superposition

© 00

nmwXx nr )2 . nTx o \2

U(X7 t) = dp + E dap COoS %eik(T) t—|— g bns|n %e*k(T) t
n=1

n=1

is a solution of the PDE with periodic BCs, and the IC u(x,0) = f(x) is
satisfied if

o o0
nrx . nmx
ao+2ancos% +ansmi = f(x).

n=1 n=1
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Other Boundary Value Problems

By the principle of superposition

n7l' nm 2
u(x, t)—ao+Zancos—e () +ansm —k(E)t

n=1

is a solution of the PDE with periodic BCs, and the IC u(x,0) = f(x) is
satisfied if

ao+2ancosnLLX +ansinnLLX = f(x).

n=1 n=1

In order to find the Fourier coefficients a, and b, we need to establish

that
X 2nX ., 21X }

1,cos — ™ n—,cos —,sin —
L’ L’ L’ L

is orthogonal on [—L, L] wrt. w(x) = 1.
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Other Boundary Value Problems

We now look at the various orthogonality relations.
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We now look at the various orthogonality relations.
@ Since jfL even fct = 2 j'OL even fct we have
L ox ex 0 ifm#n,
/ cos = cos L dx = { L ifm=n+#0,
L L L _
2L ifm=n=0.
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We now look at the various orthogonality relations.
@ Since jfL even fct = 2 j'OL even fct we have
L mex  mmx 0 itm#n,
/_LcosTcosde: L ifm=n#0,
2L ifm=n=0.

@ Since the product of two odd functions is even we have

/ L nnx . mmx 0 ifm+#n,
sin — sin——dx = i
L L L L ifm=n#0.
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Other Boundary Value Problems

We now look at the various orthogonality relations.

@ Since jfL even fct = 2 j'OL even fct we have

L N 0 ifm#n,
/cosﬂcosmidx: L ifm=n#0,

_L L L .
2L ifm=n=0.

@ Since the product of two odd functions is even we have

/ L' mex . mmx 0 ifm+#n,
sin — sin——dx = i
L L L L ifm=n#0.

@ Since f_LL odd fct = 0, and the product of an even and an odd
function is odd, we have

L
nTtx . mnx
/LcosLsdex_O.
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Other Boundary Value Problems

Now, we can determine the coefficients a, by multiplying both sides of

an cos — -|— bn sm —
Z Z

by cos ™, and integrating wrt. x from —L to L.
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Other Boundary Value Problems

Now, we can determine the coefficients a, by multiplying both sides of

Zancos +ansm—

by cos ™, and integrating wrt. x from —L to L.
This g|ves

L 0o
mmX nmwXx mmX
f(x cos—dx = / a,c0s — | cos —— dx
/ _L |J7§—;J ’ L ‘| L

L [ oo
+/4 ;bnsinmzx] cos%dx.
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Other Boundary Value Problems

Now, we can determine the coefficients a, by multiplying both sides of

Zancos +ansm—

by cos ™, and integrating wrt. x from —L to L.
This g|ves

L oo
mmnXx nmtx mmx
f cos—dx = / a,c0s — | cos —— dx

L [ oo
+/4 ;bnsinnﬂLX] cos%dx.

=0
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Other Boundary Value Problems

Now, we can determine the coefficients a, by multiplying both sides of

Zancos +ansm—

by cos ™, and integrating wrt. x from —L to L.
This g|ves

L oo
mmnXx nmtx mmx
/ f(x cos—dx = / E a,c0s — | cos —— dx
-L n=0 L

N L
L
i
-L

o0

. nmx mrx
Z by, sin L] cos —— dx.
n=1

L
1t B
= q = o 7Lf(x)dx,
L
and a, = f(x)cos@dx, n>1.
L), L
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If we multiply both sides of

an cos — + bn sm —
Z Z

by sin 77X "and integrate wrt. x from —L to L
y L
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Other Boundary Value Problems

If we multiply both sides of

Zancos—Jernsm—

by sin ™1*, and integrate wrt. x from —Lto L
we get

L [eS)
mmX nmwx . mmx
/ f(x)sin ——dx = /_L L§_O a, cos L] sin I dx

L [ oo
_nwx| . max
+/4 ;bnsm:] sm%dx.
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Other Boundary Value Problems

If we multiply both sides of
> nmx . nmx
— ZancosT + ) bysin T
n=0 n=1

by sin ™1*, and integrate wrt. x from —Lto L

we get
X

L [eS)
mmX nmwx .. m
/ f(x)sin ——dx = /_L L§_O a, cos L] sin I dx

=0
L
+f
L

mmXx
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Other Boundary Value Problems

If we multiply both sides of

> nmx > nmx
= ZancosT o ansm e
n=0 n=1

by sin ™1*, and integrate wrt. x from —Lto L

we get
L [eS)
mmX nmwx . mmx
/ f(x sm—dx = /_L L§_O a, cos L] sdex

=0
L
+f
L

3 s 77 an T o
n=1
1 [t . nNmwXx
= by = L/Lf(x)sdex, n>1.

L
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Other Boundary Value Problems

If we multiply both sides of

> nmx > nmx
= ZancosT + ansm e
n=0 n=1

by sin ™1*, and integrate wrt. x from —Lto L

we get
L [eS)
mmX nmwx . mmx
/ f(x) sin —dx = /_L L§_O a, cos L] sin de

=0
L
+f
-L

> bysin mZX] sin 7™ qx.
n=1
1t :
= b, = L/Lf(x)smmLde, n>1.

L

Together, a, and b, are the Fourier coefficients of f.

fasshauer@iit.edu MATH 461 — Chapter 2 72


http://math.iit.edu
http://math.iit.edu/~fass

Outline

e Laplace’s Equation
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Recall that Laplace’s equation corresponds to a steady-state heat
equation problem, i.e., there are no initial conditions to consider.
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Laplace’s Equation Inside a Rectangle
Recall that Laplace’s equation corresponds to a steady-state heat
equation problem, i.e., there are no initial conditions to consider.
We solve the PDE (Dirichlet problem) on a rectangle, i.e.,

giLgIﬂng,z:O, 0<x<L O0O<y<H
subject to the BCs (prescribed boundary temperature)
u(x,0) = hA(x), 0<x<lL
u(x,H) = fK(x), 0<x<L,
u@©,y) = aily), 0<y<H,
ulL,y) = @), O0<y<H
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Laplace’s Equation Inside a Rectangle
Recall that Laplace’s equation corresponds to a steady-state heat
equation problem, i.e., there are no initial conditions to consider.
We solve the PDE (Dirichlet problem) on a rectangle, i.e.,

Pu  d%u

2Tz =0 O0SX<LOSy<H

subject to the BCs (prescribed boundary temperature)

u(x,0) = fi(x), 0<x<L,
uix,H) = fh(x), 0<x<L,
u@,y) = aily), 0<y<H,
ulL,y) = g(y), O0<y<H.

Remark

Note that we can’t use separation of variables here since the BCs are
not homogeneous!
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Laplace’s Equation Inside a Rectangle
We can still salvage this approach by breaking the Dirichlet problem up
into four sub-problems — each of which has

@ one nonhomogeneous BC (similar to how we dealt with the IC
earlier),

@ and three homogeneous BCs.

H u=0 H UL=*f H Ww=0 H  Ua=0

uy=0| V2u;=0 | uy =0 Up=0| V2 =0 | U =0 u3=91| V2u3=0| u3=0 Uy =0| V2u, =0 | Us=0o

0 w=f L 0 w=0 L 0 w=0 L 0 w=0 L
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Laplace’s Equation Inside a Rectangle
We can still salvage this approach by breaking the Dirichlet problem up
into four sub-problems — each of which has

@ one nonhomogeneous BC (similar to how we dealt with the IC
earlier),

@ and three homogeneous BCs.

H u=0 H UL=*f H Ww=0 H  Ua=0

uy=0| V2u;=0 | uy =0 Up=0| V2 =0 | U =0 u3=91| V2u3=0| u3=0 Uy =0| V2u, =0 | Us=0o

0 w=f L 0 w=0 L 0 w=0 L 0 w=0 L

We then use the principle of superposition to construct the overall
solution from the solutions uy, . . ., us of the sub-problems:

U= U+ U+ U3z + Uy.
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We solve the first problem (the other three are similar):
If we start with the Ansatz

ui(x,y) = p(x)h(y)

then separation of variables requires

(92U1 . 7
S = #0ny)
82U1 _ /"
G = L)
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We solve the first problem (the other three are similar):
If we start with the Ansatz

ui(x,y) = p(x)h(y)

then separation of variables requires

92u
8721 = ¢"(x)h(y)
0?u
W; = o(x)h"(y)

Therefore, the Laplace equation becomes

Veui(x,y) = ¢"(x)h(y) + (x)h"(y) = 0.
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We solve the first problem (the other three are similar):
If we start with the Ansatz

ui(x,y) = p(x)h(y)

then separation of variables requires

92u
8721 = ¢"(x)h(y)
0?u
W; = o(x)h"(y)

Therefore, the Laplace equation becomes
V2us(x,y) = ¢"(x)h(y) + p(x)H"'(y) = 0.
We separate

1 d%p 1 d2h

odx2 ~  hdy?
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

The two resulting ODEs are

°
@"(X) + Ap(x) =0 (12)
with BCs
u1(0,y)=0 = ¢(0)=0
ui(L,y)=0 = p(L)=0
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

The two resulting ODEs are

°
¢"(X) + Ap(x) =0 (12)
with BCs
u1(0,y)=0 = ¢(0) =0
ui(L,y)=0 = o(L)=0
@ and
H'(y) — Ah(y) =0 (13)
with BCs
uy(x,0) = f1(x) can’t use yet
ui(x,H)=0 = h(H) =0

fasshauer@iit.edu MATH 461 — Chapter 2 77


http://math.iit.edu
http://math.iit.edu/~fass

Laplace’s Equation Laplace’s Equation Inside a Rectangle

We solve the ODE (12) as before. Its characteristic equation is
r2 = —), and we study the usual three cases.
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

We solve the ODE (12) as before. Its characteristic equation is
r2 = —), and we study the usual three cases.

Case |, A > 0: Then r = +iv/\ and

©(x) = c1cos VAX + CosinVAx.

From the BCs we have
©(0) =0=¢

o(l)=0=csinVAL = VAL=nx

Thus, our eigenvalues and eigenfunctions (so far) are

2
A,,z(nZT) , on(x)=sin——, n=1,23,...
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Case Il, A = 0: Then ¢(x) = ¢1x + ¢, and the BCs imply

p(0)=0 = ¢
o(L)=0 = ¢l

so that we're left with the trivial solution only.
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Case Il, A = 0: Then ¢(x) = ¢1x + ¢, and the BCs imply

p(0)=0 = ¢
o(L)=0 = ¢l

so that we're left with the trivial solution only.
Case lll, A < 0: Then r = £v/—X and

w(x)c1 cosh v —\ + casinh v —Ax
for which the eigenvalues imply

0
0 = csinhv-AL — -AL=0

so that we'’re again only left with the trivial solution.
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Now we use the eigenvalues in the second ODE (13), i.e., we solve

nm

M) = (%) hy)
ho(H) = 0.
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Now we use the eigenvalues in the second ODE (13), i.e., we solve

M) = (%) hy)
hn(H) = 0.

Since r? = ("T“)2 (or r = £77) the solution must be of the form
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Now we use the eigenvalues in the second ODE (13), i.e., we solve
" _(hm\?
M) = (T) h)
Since r? = ("T“)2 (or r = £77) the solution must be of the form

We can use the BC

to derive
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Now we use the eigenvalues in the second ODE (13), i.e., we solve

oy (T2
M(y) = ( 1 ) hn(y)
Since r? = ("T“)2 (or r = £77) the solution must be of the form

We can use the BC

to derive
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Now we use the eigenvalues in the second ODE (13), i.e., we solve

oy (T2
M(y) = ( 1 ) hn(y)
Since r? = ("T“)2 (or r = £77) the solution must be of the form

We can use the BC

to derive

or
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Since the second ODE comes with only one homogeneous BC we can
now pick the constant ¢4 in

nmy
L

nm(2H—y)

hn(y) = ¢ (e

to get a nice and compact representation for hy,.
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Since the second ODE comes with only one homogeneous BC we can
now pick the constant ¢4 in

nm nm(2H—y)
ho(y) = e (6T —e™ 1)
to get a nice and compact representation for hy,.
The choice
1 ool
C1 = ——e L
gives us
1 mey—H) n(H—y)
h = ——=e I e T
n(Y) 5 + 5
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Since the second ODE comes with only one homogeneous BC we can
now pick the constant ¢4 in

nmy nm(2H—y) )
L

hn(y) = ¢ (eT —e

to get a nice and compact representation for hy,.

The choice
1 _nn
C1 = ——e L
gives us
haly) = — e + 1o
— sinh ””(HL_ Y)
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Summarizing our work so far we know (using superposition) that

(o)
H_
th(X,y) = Bysin erX sinh 7 T Y)
n=1

satisfies the first sub-problem except for the nonhomogeneous BC
uy(x,0) = f1(x).
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Summarizing our work so far we know (using superposition) that

> . nrx . na(H—y)
ui(x,y) = Z B, sin T sinh T
n=1

satisfies the first sub-problem except for the nonhomogeneous BC
us(x,0) = f(x).
We enforce this as

nm(H) . nmx |

th(x,0) =) Bysinh — - sin == = A(x).
n=1
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Summarizing our work so far we know (using superposition) that

> . nrx . na(H—y)
ui(x,y) = Z B, sin T sinh T
n=1

satisfies the first sub-problem except for the nonhomogeneous BC
us(x,0) = f(x).
We enforce this as

— 5 H) .
ui(x,0) = E Bpsinh mz)sm nLLX = f (x).
N=1"——————
::bn
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Summarizing our work so far we know (using superposition) that
nr(H—y)
L

o0
ui(x,y) = Z B, sin erX sinh
n=1

satisfies the first sub-problem except for the nonhomogeneous BC
us(x,0) = f(x).
We enforce this as

s nﬂ'(H) nmTx
uy(x,0) = Z B, sinh —— sin —= = f,(x).
=:bp
From our discussion of Fourier sine series we know

L
bn:2/ f1(x)sin@dx, n=12,...
L /o L
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Summarizing our work so far we know (using superposition) that
nr(H—y)
L

o0
ui(x,y) = Z B, sin erX sinh
n=1

satisfies the first sub-problem except for the nonhomogeneous BC
us(x,0) = f(x).
We enforce this as

th(x,0) =) Bysinh r(H) g TX L f(x).

From our discussion of Fourier si:n:gnseries we know
bn:i/oLﬁ(x)sinn:de, n=12,...
Therefore
bn
sinh 77(H)
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Summarizing our work so far we know (using superposition) that
nr(H—y)
L

o0
ui(x,y) = Z B, sin erX sinh
n=1

satisfies the first sub-problem except for the nonhomogeneous BC
us(x,0) = f(x).
We enforce this as

th(x,0) =) Bysinh M) gin X L f(x).

=:bp
From our discussion of Fourier sine series we know
2 L
bn:L/ f1(x)sinnLLde, n=12,...
0
Therefore

bn nmwXx

= 2 /Lf(x)sin
sinhw Lsinhw 0 1 L
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Laplace’s Equation Laplace’s Equation Inside a Rectangle

Remark

As discussed at the beginning of this example, the solution for the
entire Laplace equation is obtained by solving the three similar
problems for us, us and uy, and assembling

U= U+ U+ U3z + Uy.

The details of the calculations for finding us are given in the textbook
[Haberman, pp. 68—71] (where this function is called us), and uy is
determined in [Haberman, Exercise 2.5.1(h)].
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Laplace’s Equation for a Circular Disk

Now we consider the steady-state u(a,0) = f(0)
heat equation on a circular disk

with prescribed boundary

temperature.
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Laplace’s Equation for a Circular Disk

Now we consider the steady-state u(a.0) = £(6)
heat equation on a circular disk

with prescribed boundary

temperature.

The model for this case seems to

be (using the Laplacian in

cylindrical coordinates derived in

Chapter 1):

10 ( du 1 6%u
PDE: Viu=-—|(r—|+5-5% = —
u r8r<r8r>+r2892 0 forO<r<a —n<f0<n

BC: u(a,d) = £(0) for —m<f<m
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Laplace’s Equation for a Circular Disk

Now we consider the steady-state u(a,0) = 1(6)
heat equation on a circular disk

with prescribed boundary

temperature.

The model for this case seems to

be (using the Laplacian in

cylindrical coordinates derived in

Chapter 1):

10 ou 182U
5 2, Y bt Y _
PDE: VU—r r<r r>+r2 92—0 for0<r<a, T<O<m

BC: u(a,d) = £(0) for —m<f<m

Since the PDE involves two derivatives in r and two derivatives in 0
still need three more conditions. How should they be chosen?
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Perfect thermal contact (periodic BCs in 6):

u(r,—m) = u(r,m) forO<r<a

ou ou
%(r, —m) = %(r,w) forO<r<a
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Perfect thermal contact (periodic BCs in 6):

u(r,—m) = u(r,m) forO<r<a

ou ou
%(r, —m) = %(r,vr) forO<r<a

The three conditions listed are all linear and homogeneous, so we can
try separation of variables.
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Perfect thermal contact (periodic BCs in 6):

u(r,—m) = u(r,m) forO<r<a
ou ou
%(r, —m) = %(r,w) forO<r<a

The three conditions listed are all linear and homogeneous, so we can
try separation of variables.

We leave the fourth (and nonhomogeneous) condition open for now.
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Perfect thermal contact (periodic BCs in 6):

u(r,—m) = u(r,m) forO<r<a

ou ou
%(r, —m) = %(r,vr) forO<r<a

The three conditions listed are all linear and homogeneous, so we can
try separation of variables.

We leave the fourth (and nonhomogeneous) condition open for now.

Remark

This is a nice example where the mathematical model we derive from
the physical setup seems to be ill-posed (at this point there is no way
we can ensure a unique solution).
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Perfect thermal contact (periodic BCs in 6):

u(r,—m) = u(r,m) forO<r<a

ou ou
%(r, —m) = %(r,w) forO<r<a

The three conditions listed are all linear and homogeneous, so we can
try separation of variables.

We leave the fourth (and nonhomogeneous) condition open for now.

Remark

This is a nice example where the mathematical model we derive from
the physical setup seems to be ill-posed (at this point there is no way
we can ensure a unique solution).

However, the mathematics below will tell us how to think about the
physical situation, and how to get a meaningful fourth condition.
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Laplace’s Equation Laplace’s Equation for a Circular Disk

We begin with the separation Ansatz

u(r,0) = R(r)©()

We can separate our PDE (similar to HW problem 2.3.1)

10 ( du 1 0%u
2 = -~ —_ —_—— =
veulr6) = ror <r8r> o 0
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Laplace’s Equation Laplace’s Equation for a Circular Disk

We begin with the separation Ansatz

u(r,0) = R(r)e(0)
We can separate our PDE (similar to HW problem 2.3.1)

1 2
0 6u) 18u:O

2 f— —— — [
veulr6) = ror <r8r o

2
L300 2 o

fasshauer@iit.edu MATH 461 — Chapter 2 86


http://math.iit.edu
http://math.iit.edu/~fass

Laplace’s Equation Laplace’s Equation for a Circular Disk

We begin with the separation Ansatz

u(r,0) = R(r)©()

We can separate our PDE (similar to HW problem 2.3.1)

10 ( du 1 0%u
2 = -~ — —_—_—— =
veulr6) = ror <r8r> o 0
1d /[ d R(r) d? B
r 1 d?

d /. d
=  mw (rdrR(r)) = 5332 =
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Laplace’s Equation Laplace’s Equation for a Circular Disk

We begin with the separation Ansatz

u(r,0) = R(r)e(0)
We can separate our PDE (similar to HW problem 2.3.1)

10 ou 1 0%u
ulr,9) = (r c‘)r) 2 002 0

ror
2
— 1r(;jr (r(;eri’(r)) o(0) + Rr(zr)c?92 (0)=0
r d /. d 1 d?
= B dr (rdrR(r)) = —%ﬁ@w) =A

Note that \ works better here than —\.

86

fasshauer@iit.edu MATH 461 — Chapter 2


http://math.iit.edu
http://math.iit.edu/~fass

Laplace’s Equation Laplace’s Equation for a Circular Disk

The two resulting ODEs are:
°
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The two resulting ODEs are:
°

2
At (LR +r&R(r) = A

= _,2,,:(,;(),) + RN -A=0
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Laplace’s Equation Laplace’s Equation for a Circular Disk

The two resulting ODEs are:
°

2
At (LR +r&R(r) = A
= SFO4 LR -A=0

or
R(r) + () = AA(r) = 0. (14
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Laplace’s Equation Laplace’s Equation for a Circular Disk

The two resulting ODEs are:

o
2
At (LR +r&R(r) = A
= SFO4 LR -A=0
or

r’R"(r) + rR'(r) — AR(r) = 0. (14)

@ and
0"(0) = —\O(6) (15)
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Laplace’s Equation Laplace’s Equation for a Circular Disk

The two resulting ODEs are:

o
2
At (LR +r&R(r) = A
= SFO4 LR -A=0
or

r’R"(r) + rR'(r) — AR(r) = 0. (14)

@ and
0"(0) = —\O(6) (15)

for which we have the periodic boundary conditions

O(—m) = O(n), O'(—n) = ©'(n).
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Note that the ODE (15) along with its BCs matches the circular ring
example studied earlier (with L = 7).
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Note that the ODE (15) along with its BCs matches the circular ring
example studied earlier (with L = 7).
Therefore, we already know the eigenvalues and eigenfunctions:

Ao =0, M=n? n=12...
©9(0) =1, ©n(d) =cycosnf + cxsinnf, n=1,2,...
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Using these eigenvalues in (14) we have

rRy(r) + rRy(r) — n?Rn(r)=0, n=0,1,2,...
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Using these eigenvalues in (14) we have
2 ! / 2 _ —
reRy(r) + rR,(r) — n“Ry(r) =0, n=0,1,2,...

This type of equation is called a Cauchy-Euler equation (and you
should have studied its solution in your first DE course).
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Using these eigenvalues in (14) we have
r?R(r) 4+ rR.(r) — n?Ry(r) =0, n=0,1,2,...

This type of equation is called a Cauchy-Euler equation (and you
should have studied its solution in your first DE course).

We quickly review how to obtain the solution

Rn(r) = C3+C4linr, if n=20,
T ) ear" 4+ eqr ", forn> 0.
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Using these eigenvalues in (14) we have
r?R(r) 4+ rR.(r) — n?Ry(r) =0, n=0,1,2,...

This type of equation is called a Cauchy-Euler equation (and you
should have studied its solution in your first DE course).

We quickly review how to obtain the solution

Rn(r) = C3+C4linr, if n=20,
T ) ear" 4+ eqr ", forn> 0.

The key is to use the Ansatz R(r) = rP and to find suitable values of p.
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If R(r) = rP, then

R(r)=pr°~" and R'(r)=p(p—1)r"?,
so that the CE equation
r2RI(r) + rR,(r) — iPRy(r) =0

turns into
[p(p— N+p—r?|rP=0
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If R(r) = rP, then

R(r)=pr°"~" and R'(r)=p(p—1)r"2.
so that the CE equation
r2RI(r) + rR,(r) — iPRy(r) =0

turns into
[p(p— N+p—r?|rP=0

Assuming rP # 0 we get the characteristic equation

plo—1)+p—r* =0
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If R(r) = rP, then

R(r)=pr°~" and R'(r)=p(p—1)r"?,
so that the CE equation
r2RI(r) + rR,(r) — iPRy(r) =0

turns into
[p(p— N+p—r?|rP=0

Assuming rP # 0 we get the characteristic equation

plp—1N)+p-—rP=0 — pP=r?
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If R(r) = rP, then

R(r)=pr°~" and R'(r)=p(p—1)r"?,
so that the CE equation
r2RI(r) + rR,(r) — iPRy(r) =0

turns into
[p(p— N+p—r?|rP=0

Assuming rP # 0 we get the characteristic equation
plp—1N)+p-—rP=0 — pP=r?

so that
p==+n.
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If R(r) = rP, then

R(r)=pr°~" and R'(r)=p(p—1)r"?,
so that the CE equation
r2RI(r) + rR,(r) — iPRy(r) =0

turns into
[p(p— N+p—r?|rP=0

Assuming rP # 0 we get the characteristic equation
plp—1N)+p-—rP=0 — pP=r?

so that
p==+n.

If n =0, we need to introduce the second (linearly independent)
solution R(r) =Inr.
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We now look at the two cases.
Case |, n = 0: We know the general solution is of the form

R(r)=c3+calinr.
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We now look at the two cases.
Case |, n = 0: We know the general solution is of the form

R(r)=c3+calinr.

We need to find and impose the missing BC.
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Laplace’s Equation Laplace’s Equation for a Circular Disk

We now look at the two cases.
Case |, n = 0: We know the general solution is of the form

R(r)=c3+calinr.

We need to find and impose the missing BC.
Note that
Inr— —oco for r—0.

This would imply that R(0) — and therefore u(0, #), the temperature at
the center of the disk — would blow up.
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Laplace’s Equation Laplace’s Equation for a Circular Disk

We now look at the two cases.
Case |, n = 0: We know the general solution is of the form

R(r)=c3+calinr.

We need to find and impose the missing BC.
Note that
Inr— —oco for r—0.

This would imply that R(0) — and therefore u(0, #), the temperature at
the center of the disk — would blow up. That is completely unphysical,
and we need to prevent this from happening in our model.

fasshauer@iit.edu MATH 461 — Chapter 2 91


http://math.iit.edu
http://math.iit.edu/~fass

We now look at the two cases.
Case |, n = 0: We know the general solution is of the form

R(r)=c3+calinr.

We need to find and impose the missing BC.
Note that
Inr— —oco for r—0.

This would imply that R(0) — and therefore u(0, #), the temperature at
the center of the disk — would blow up. That is completely unphysical,
and we need to prevent this from happening in our model.

We therefore require a bounded temperature at the origin, i.e.,

|u(0,0)| < oo = |R(0)| < oo.
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We now look at the two cases.
Case |, n = 0: We know the general solution is of the form

R(r)=c3+calinr.

We need to find and impose the missing BC.
Note that
Inr— —oco for r—0.

This would imply that R(0) — and therefore u(0, #), the temperature at
the center of the disk — would blow up. That is completely unphysical,
and we need to prevent this from happening in our model.

We therefore require a bounded temperature at the origin, i.e.,

|u(0,0)| < oo = |R(0)| < oo.

This “boundary condition” now implies that ¢4 = 0, and

R(r) = c3 = const.
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Case Il, n > 0: Now the general solution is of the form

R(r) = c3r" + c4r™"
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Case Il, n > 0: Now the general solution is of the form
R(r) = c3r" + c4r™"
and we again impose the bounded temperature condition, i.e.,

1R(0)] < .
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Case Il, n > 0: Now the general solution is of the form

R(r) = c3r" + c4r™"

and we again impose the bounded temperature condition, i.e.,
|R(0)| < cc.

Note that :

= |

— 00 asr — 0.
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Case Il, n > 0: Now the general solution is of the form
R(r) = c3r" + c4r™"
and we again impose the bounded temperature condition, i.e.,
|R(0)| < oo.

Note that :

= |

— 00 asr — 0.

Therefore this condition implies ¢4 = 0, and

R(r) = c3r", n=1.2,...
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Laplace’s Equation Laplace’s Equation for a Circular Disk

Case Il, n > 0: Now the general solution is of the form
R(r) = c3r" + c4r™"
and we again impose the bounded temperature condition, i.e.,
|R(0)| < oo.

Note that :

= |

— 00 asr — 0.

Therefore this condition implies ¢4 = 0, and
R(r) = c3r", n=1.2,...
Summarizing (and using superposition) we have up to now

u(r,0) = Ay + Z Anr" cos nf + Bnr sin nf.

n=1
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Laplace’s Equation for a Circular Disk
Finally, we use the boundary temperature distribution u(a, ) = () to
determine the coefficients A, Bp:
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Laplace’s Equation for a Circular Disk
Finally, we use the boundary temperature distribution u(a, ) = () to
determine the coefficients A, Bp:

u(a,f) = Ay + Z Ana" cos nf + B,a" sin n = f(0).

n=1
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Laplace’s Equation for a Circular Disk
Finally, we use the boundary temperature distribution u(a, ) = () to
determine the coefficients A, Bp:

u(a,8) = Ao+ Y_ Ana"cos nf + Bya"sin ng = f(6).
n=1
From our earlier work we know that the functions
{1,cosf,sinf,cos26,sin20, ...}

are orthogonal on the interval [, 7] (just substitute L = 7 in our
earlier analysis).
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Laplace’s Equation for a Circular Disk
Finally, we use the boundary temperature distribution u(a, ) = () to
determine the coefficients A, Bp:

u(a,8) = Ao+ Y_ Ana"cos nf + Bya"sin ng = f(6).
n=1
From our earlier work we know that the functions
{1,cosf,sinf,cos26,sin20, ...}

are orthogonal on the interval [, 7] (just substitute L = 7 in our
earlier analysis).
It therefore follows as before that

1 s
A = o _ﬁf(e)de,
Apa’ = 1 f(f)cosnfdfd, n=1,2,3...,
™ —T
B,a" = 1 f(f)sinnfdd, n=1,2,3...,
s

—T
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

The solution
u(r,0) = Ag + Z Anr" cos nf + Bur" sin nf
n=1
of the circular disk problem tells us that the temperature at the center

of the disk is given by

u(0,6) = Ag = - /F £(0) do,

2 J_,

i.e., the average of the boundary temperature.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

The solution

u(r,0) = Ag + Z Anr" cos nf + Bur" sin nf

n=1

of the circular disk problem tells us that the temperature at the center
of the disk is given by

1 ™
U(0,0) = Ag = —— / £(0) do,
2 J_,
i.e., the average of the boundary temperature.
In fact, a more general statement is true:

The temperature at the center of any circle inside of which the
temperature is harmonic (i.e., V2u = 0) is equal to the
average of the boundary temperature.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

The solution

u(r,0) = Ag + Z Anr" cos nf + Bur" sin nf

n=1

of the circular disk problem tells us that the temperature at the center
of the disk is given by
1 ™
— = f
u(0.0) = Ao =5~ [ 1(6)cb

i.e., the average of the boundary temperature.
In fact, a more general statement is true:

The temperature at the center of any circle inside of which the

temperature is harmonic (i.e., V2u = 0) is equal to the

average of the boundary temperature.
This fact is reminiscent of the mean value theorem from calculus a
is therefore called the mean value principle for Laplace’s equation.
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Qualitative Properties of Laplace’s Equation
Maximum Principle for Laplace’s Equation

Theorem

Both the maximum and the minimum temperature of the steady-state
heat equation on an arbitrary region R occur on the boundary of R.
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Qualitative Properties of Laplace’s Equation
Maximum Principle for Laplace’s Equation

Theorem

Both the maximum and the minimum temperature of the steady-state
heat equation on an arbitrary region R occur on the boundary of R.

Proof.

Assume that the maximum/minimum occurs at
an arbitrary point P inside of R, and show this
leads to a contradiction.
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Qualitative Properties of Laplace’s Equation
Maximum Principle for Laplace’s Equation

Theorem

Both the maximum and the minimum temperature of the steady-state
heat equation on an arbitrary region R occur on the boundary of R.

Proof. A
Assume that the maximum/minimum occurs at

an arbitrary point P inside of R, and show this C
leads to a contradiction.

Take a circle C around P that lies inside of R.
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Qualitative Properties of Laplace’s Equation
Maximum Principle for Laplace’s Equation

Theorem

Both the maximum and the minimum temperature of the steady-state
heat equation on an arbitrary region R occur on the boundary of R.

Proof. A
Assume that the maximum/minimum occurs at

an arbitrary point P inside of R, and show this C
leads to a contradiction.

Take a circle C around P that lies inside of R.

By the mean value principle, the temperature at P is the average of the
temperature on C.
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Qualitative Properties of Laplace’s Equation
Maximum Principle for Laplace’s Equation

Theorem

Both the maximum and the minimum temperature of the steady-state
heat equation on an arbitrary region R occur on the boundary of R.

Proof. A
Assume that the maximum/minimum occurs at

an arbitrary point P inside of R, and show this C
leads to a contradiction.

Take a circle C around P that lies inside of R.

By the mean value principle, the temperature at P is the average of the
temperature on C.

Therefore, there are points on C at which the temperature is
greater/less than or equal the temperature at P.
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Qualitative Properties of Laplace’s Equation
Maximum Principle for Laplace’s Equation

Theorem

Both the maximum and the minimum temperature of the steady-state
heat equation on an arbitrary region R occur on the boundary of R.

Proof. A
Assume that the maximum/minimum occurs at

an arbitrary point P inside of R, and show this C
leads to a contradiction.

Take a circle C around P that lies inside of R.

By the mean value principle, the temperature at P is the average of the
temperature on C.

Therefore, there are points on C at which the temperature is
greater/less than or equal the temperature at P.

But this contradicts our assumption that the maximum/minimum
temperature occurs at P (inside the circle). [
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Well-posedness
Definition
A problem is well-posed if all three of the following statements are true.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Well-posedness

Definition

A problem is well-posed if all three of the following statements are true.
@ A solution to the problem exists.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Well-posedness

Definition

A problem is well-posed if all three of the following statements are true.
@ A solution to the problem exists.
@ The solution is unigue.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Well-posedness

Definition

A problem is well-posed if all three of the following statements are true
@ A solution to the problem exists.
@ The solution is unigue.

@ The solution depends continuously on the data (e.g., BCs), i.e.,
small changes in the data lead to only small changes in the
solution.
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Qualitative Properties of Laplace’s Equation
Well-posedness
Definition
A problem is well-posed if all three of the following statements are true.
@ A solution to the problem exists.
@ The solution is unique.

@ The solution depends continuously on the data (e.g., BCs), i.e.,
small changes in the data lead to only small changes in the
solution.

Remark
This definition was provided by Jacques Hadamard around 1900.
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Qualitative Properties of Laplace’s Equation
Well-posedness
Definition
A problem is well-posed if all three of the following statements are true.
@ A solution to the problem exists.
@ The solution is unique.

@ The solution depends continuously on the data (e.g., BCs), i.e.,
small changes in the data lead to only small changes in the
solution.

Remark

This definition was provided by Jacques Hadamard around 1900.
Well-posed problems are “nice” problems. However, in practice many
problems are ill-posed.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Well-posedness

Definition

A problem is well-posed if all three of the following statements are true.
@ A solution to the problem exists.
@ The solution is unique.

@ The solution depends continuously on the data (e.g., BCs), i.e.,
small changes in the data lead to only small changes in the
solution.

Remark

This definition was provided by Jacques Hadamard around 1900.
Well-posed problems are “nice” problems. However, in practice many
problems are ill-posed. For example, the inverse heat problem, i.e.,
trying to find the initial temperature distribution or heat source from the
final temperature distribution (such as when investigating a fire) is
ill-posed (see examples below).
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Theorem

The Dirichlet problem, V2u = 0 inside a given region R and u = f on
the boundary, is well-posed.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Theorem

The Dirichlet problem, V2u = 0 inside a given region R and u = f on
the boundary, is well-posed.

Proof.

(a) Existence:
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Theorem

The Dirichlet problem, V2u = 0 inside a given region R and u = f on
the boundary, is well-posed.

Proof.

(a) Existence: Compute the solution using separation of variables
(details depend on the specific domain R).
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Theorem

The Dirichlet problem, V2u = 0 inside a given region R and u = f on
the boundary, is well-posed.

Proof.

(a) Existence: Compute the solution using separation of variables
(details depend on the specific domain R).

(b) Uniqueness:
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Theorem

The Dirichlet problem, V2u = 0 inside a given region R and u = f on
the boundary, is well-posed.

Proof.
(a) Existence: Compute the solution using separation of variables
(details depend on the specific domain R).

(b) Uniqueness: Assume u; and u» are solutions of the Dirichlet
problem and show that w = uy — u, =0, i.e., uy = Uo.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Theorem

The Dirichlet problem, V2u = 0 inside a given region R and u = f on
the boundary, is well-posed.

Proof.
(a) Existence: Compute the solution using separation of variables
(details depend on the specific domain R).

(b) Uniqueness: Assume u; and u» are solutions of the Dirichlet
problem and show that w = uy — u, =0, i.e., uy = Uo.

(c) Continuity:
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Theorem

The Dirichlet problem, V2u = 0 inside a given region R and u = f on
the boundary, is well-posed.

Proof.

(a) Existence: Compute the solution using separation of variables
(details depend on the specific domain R).

(b) Uniqueness: Assume u; and u» are solutions of the Dirichlet
problem and show that w = uy — u, =0, i.e., uy = Uo.

(c) Continuity: Assume u is a solution of the Dirichlet problem with
BC u = f and v is a solution with BC v = g = f — ¢ and show that
mine < U — v < maxe.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Theorem

The Dirichlet problem, V2u = 0 inside a given region R and u = f on
the boundary, is well-posed.

Proof.
(a) Existence: Compute the solution using separation of variables
(details depend on the specific domain R).

(b) Uniqueness: Assume u; and u» are solutions of the Dirichlet
problem and show that w = uy — u, =0, i.e., uy = Uo.

(c) Continuity: Assume u is a solution of the Dirichlet problem with
BC u = f and v is a solution with BC v = g = f — ¢ and show that
mine < U — v < maxe.

Details for (b) and (c) now follow.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(b) Uniqueness: Assume uq and u» are solutions of the Dirichlet
problem, i.e.,
V2U1 = 0, VZUQ =0.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(b) Uniqueness: Assume uy and u» are solutions of the Dirichlet
problem, i.e.,
V2U1 =0, VZUQ =0.

Let w = uy — Uo.

fasshauer@iit.edu MATH 461 — Chapter 2 98


http://math.iit.edu
http://math.iit.edu/~fass

Laplace’s Equation Qualitative Properties of Laplace’s Equation

(b) Unigueness: Assume 1y and u» are solutions of the Dirichlet
problem, i.e.,
V2U1 =0, VZUQ =0.

Let w = uy — wo. Then, by linearity,

V2w = V2 (uy — tp) = 0.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(b) Unigueness: Assume 1y and u» are solutions of the Dirichlet
problem, i.e.,
V2U1 =0, VZUQ =0.

Let w = uy — wo. Then, by linearity,
V2w = V2 (uy — tp) = 0.

On the boundary, we have for both
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(b) Unigueness: Assume 1y and u» are solutions of the Dirichlet
problem, i.e.,
V2U1 =0, VZUQ =0.

Let w = uy — wo. Then, by linearity,
V2w = V2 (uy — tp) = 0.

On the boundary, we have for both

So, again by linearity,

w=uy —Uu=Ff—f=0 onthe boundary.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(b) (cont.) What does w look like inside the domain?
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(b) (cont.) What does w look like inside the domain?
An obvious inequality is

min(w) < w < max(w),
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(b) (cont.) What does w look like inside the domain?
An obvious inequality is

min(w) < w < max(w),
for which the maximum principle implies
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(b) (cont.) What does w look like inside the domain?
An obvious inequality is

min(w) < w < max(w),
for which the maximum principle implies
0<w<0 = w=0

since the maximum and minimum are attained on the boundary
(where w = 0).
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(c) Continuity: We assume

V2u=0 and u=fondR,
V2v=0 and v=gondR,

where g is a small perturbation (by the function ¢) of f, i.e.,

g="Ff—e.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(c) Continuity: We assume

V2u=0 and u=fondR,
V2v=0 and v=gondR,

where g is a small perturbation (by the function ¢) of f, i.e.,
g="Ff—e.
Now, by linearity, w = u — v satisfies

V2w =V2(u-v)=0 inside R
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(c) Continuity: We assume
V2u=0 and u=fondR,
V2v=0 and v=gondR,
where g is a small perturbation (by the function ¢) of f, i.e.,
g="Ff—e.
Now, by linearity, w = u — v satisfies
Viw=V?(u—-v)=0

inside R
w=u—-v=Ff-g=«¢ on dR.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

(c) Continuity: We assume

V2u=0 and u=fondR,
V2v=0 and v=gondR,

where g is a small perturbation (by the function ¢) of f, i.e.,
g="Ff—e.
Now, by linearity, w = u — v satisfies

V2w =V2(u-v)=0 inside R
w=u—-v=Ff-g=«¢ on dR.

By the maximum principle

min(e) < w < max(e). O

=u—v
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Example (An ill-posed problem.)
The problem
VZu=0 in R
Vu-h=0 on oR

does not have a unigque solution, since u = c¢ is a solution for any
constant c.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Example (An ill-posed problem.)
The problem
VZu=0 in R

A~

Yu-n=0 on OR

does not have a unigque solution, since u = c¢ is a solution for any
constant c.

Remark

If we interpret the above problem as the steady-state of a
time-dependent problem with initial temperature distribution f, then the
constant would be uniquely defined as the average of f.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Example (Another ill-posed problem.)
The problem

may have no solution at all.
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Qualitative Properties of Laplace’s Equation
Example (Another ill-posed problem.)
The problem

Vu=0 in R
Vu-nh=f on OR

may have no solution at all.
The definition of the Laplacian and Green’s theorem give us

//v2udAd:ef/ v-deAGrie”/vU-hds,
R R OR
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Qualitative Properties of Laplace’s Equation
Example (Another ill-posed problem.)
The problem

Vu=0 in R
Vu-nh=f on OR

may have no solution at all.
The definition of the Laplacian and Green’s theorem give us

//Vzu dA % //v . VudA Breen /VU- s
=0 R oR

R
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Qualitative Properties of Laplace’s Equation
Example (Another ill-posed problem.)
The problem

Vu=0 in R
Vu-nh=f on OR

may have no solution at all.
The definition of the Laplacian and Green’s theorem give us

0://vzudAdéf//v-deAGrie”/vU-hds,
R =0 R oR
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Example (Another ill-posed problem.)
The problem

Vu=0 in R
Vu-nh=f on OR

may have no solution at all.
The definition of the Laplacian and Green’s theorem give us

oz//vzudA":ef//v.deAG'ie”/w-fwds,
R =0 R oR =f

so that only very special functions f permit a solution.
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Laplace’s Equation Qualitative Properties of Laplace’s Equation

Example (Another ill-posed problem.)
The problem

Vu=0 in R
Vu-nh=f on OR

may have no solution at all.
The definition of the Laplacian and Green’s theorem give us

oz//vzudA":ef//v.deAG'ie”/w-fwds,
R =0 R oR =f

so that only very special functions f permit a solution.

Remark

Physically, this says that the net flux through the boundary must be
zero. A non-zero boundary flux integral would allow for a change in
temperature (which is unphysical for a steady-state equation).
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